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ABSTRACT
A Virtual Test Platform for Analyses of Rolling Tyres on Rigid and Deformable Terrains
Shahram Shokouhfar,
Concordia University, 2017
Dynamic performance characteristics of wheeled vehicles highly rely on the forces/moments
arising from interactions between the pneumatic tyres and the terrains. Reliable models
are thus needed to estimate these forces/moments to be used in vehicle simulations for
design and developments. The empirical and semi-empirical tyre models developed for ve-
hicle dynamics simulations invariably require extensive experimental data, and may not be
applicable under many practical conditions. The structural tyre models, on the other hand,
are not suited for vehicle dynamics simulations due to excessive computational demands.
Moreover, the tyre modeling on deformable terrains has been addressed in relatively fewer
studies due to challenges associated with complex behaviors of soils under moving vehicu-
lar loads. Although the Finite Element (FE) tyre models provide accurate estimations of
forces/moments on rigid surfaces, the mesh-based nature of FE models of the soils yield
poor performance in modeling the soil ﬂow beneath a rolling tyre. Alternatively, mesh-
less methods such as the Smoothed Particle Hydrodynamics (SPH) have been proposed to
account for large deformations and fragmentations of the soil.
This dissertation research aims at development of a virtual testing environment for
analyses of rolling tyre interactions on rigid and soft terrains using the FE and SPH anal-
ysis methods. The virtual platform is used for parametrization and evaluation of the
terramechanics-based models as an alternative to actual experiments. A 3-D ﬁnite element
model of a rolling truck tyre is developed using LS-DYNA to predict its dynamic responses
at speeds up to 100 km/h. The model takes into account the complex multi-layered struc-
tures of the tyre carcass and belts. A customized pre-processing algorithm is developed to
facilitate model reformulations for eﬃcient parametric analyses. The validity of the model
is demonstrated by comparing the predicted responses with the experimental data.
The veriﬁed tyre model is subsequently employed to study the inﬂuences of various
operating parameters on the tyre vertical and cornering properties. The modal properties
iii
of the rolling tyre are also analyzed under varying inﬂation pressure and vertical load,
using the large-deformation ﬁnite element theory. The eigenvalues are extracted during
an explicit dynamic simulation at instants when the tyre stresses reach steady state under
a given loading condition. It is shown that some of the eigen-frequencies of a free tyre
diverge into two distinct frequencies in the presence of ground contact of the rolling tyre.
A computationally eﬃcient model of the truck tyre is further formulated using the
Part-Composite approach in LS-DYNA, where the layers of the rubber matrix and rein-
forcements are simpliﬁed by a single layer of shell elements with layered conﬁguration.
The validity of the simpliﬁed model is demonstrated through comparisons with the com-
prehensive tyre model as well as with the experimental data. It is shown that the proposed
simpliﬁcation substantially reduces the total number of elements and thereby enhances the
computational eﬃciency.
A computational soil model is developed using the FE and SPH methods in conjunc-
tion with a contact pressure-dependent material model based on the available test data.
The soil model is initially validated in terms of volumetric deformation behavior using
the experimental data. The relative merits and limitations of the FE and SPH analysis
methods are illustrated to justify the use of the SPH soil model for parametrization of
the terramechanics formulations characterizing the normal and shear behavior of soil. The
eﬀectiveness of parameters identiﬁcation method is demonstrated via comparisons with
reported data obtained from classical bevameter and triaxial force measurement devices.
The soil model is subsequently integrated to the simpliﬁed pneumatic tyre and rigid wheel
models for analyses of tyre forces developed while traversing diﬀerent deformable terrains.
The simulation results obtained for the rolling and steered tyre showed good agreements
with the analytically estimated contact force/moment responses.
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Chapter 1
Literature Review and Scope of the
Dissertation
1.1 Introduction
Automotive industries need to evaluate dynamic performance of vehicles via computer
simulations under diﬀerent operating conditions. Reliable models of vehicle components
are thus essential for applications in such analyses. Among the various components, the
pneumatic tyre and the terrain are of vital importance as the dynamic behavior of vehicles
highly depends on the forces and moments produced from the tyre-terrain interactions.
Extensive studies have been reported on modeling and analysis of pneumatic tyres running
over rigid and soft terrains. The tyre models developed for vehicle dynamics simulations are
generally based on phenomenological formulations for predicting the tyre-terrain contact
force/moment responses over a range of operating parameters [15]. These models neces-
sitate prior evaluations of the model parameters via comprehensive experiments [68], and
represent only the overall tyre-terrain properties that directly aﬀect the vehicle dynamic
performance. The important eﬀects of the structural design parameters and material prop-
erties are thus entirely ignored. Alternatively, structural tyre models have evolved for the
purpose of design and developments. These models use numerical approaches such as the
ﬁnite element methods, which allow for a detailed representation of the multi-layered tyre
structure and material properties of individual layers [911]. Such structural models have
been eﬀectively applied for virtual dynamic performance tests [12], modal analyses [13],
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and design sensitivity studies and optimizations [14], although the vast majority are lim-
ited to non-rolling tyres. Owing to their extensive computational demands, these model
are not well-suited for vehicle system simulations [14, 15].
In vast majority of the tyre modeling studies, the terrain is assumed as a rigid surface
ranging from a smooth ﬂat road to an uneven terrain with high frequency irregularities.
The interactions of rolling tyres with soft terrains, however, have been addressed in only a
few studies, due to extreme challenges associated with the complex constitutive behavior
of soils when subjected to rolling tyre loads. Some theoretical studies have employed the
terramechanics-based models developed by Bekker [1618] and Wong [19, 20] to predict the
tyre-soil contact forces and moments via integration of the normal and tangential stresses
under a rolling wheel over the contact region. These models could describe the steady-
state operation of a rigid wheel on soft soils, aimed at multi-body dynamics simulations of
planetary exploration rovers [2123].
A number of studies have proposed numerical soil models using the ﬁnite element
methods for integration with the structural tyre models. These have employed widely
diﬀerent material models to represent the constitutive behavior of soils ranging from a
simple elastic-plastic model, which neglects the moisture content and cohesion between
soil particles [2426], to advanced models such as the Mohr-Coulomb and the Drucker-
Prager [2731]. The advanced material models have been developed to account for eﬀects
of both the cohesion and pressure-dependent strength of soils, while their input material
data need to be determined using laboratory tests. While the ﬁnite element methods yield
satisfactory modeling of complex structures of pneumatic tyres [10, 12, 24, 32], some studies
have reported their poor performance when modeling large deformations associated with
soil ﬂow under dynamic vehicular loads [24, 25]. Alternatively, mesh-less approaches such
as the Smoothed Particle Hydrodynamics technique [33] have been proposed to account
for large deformations and fragmentations of the soil particles [3439]. The performance
potentials of the SPH technique, however, have been explored in only a few studies [25,
40]. Moreover, this technique is extremely demanding on computing resources [25, 4145].
Consequently, most studies involving SPH soil modeling use a rigid wheel model and neglect
the tyre compliance to improve computational eﬃciency [25]. A few recent studies have
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attempted to identify the model parameters associated with analytical on-road and oﬀ-road
rigid ring tyre models using virtual testing environments as an alternative to the costly
hardware experiments [24, 46]. Considerable eﬀorts in modeling of tyre-soil interactions
are continuing in order to seek eﬃcient and eﬀective modeling techniques especially for
study of oﬀ-road vehicles dynamics. Only few studies, however, have attempted tyre-soil
models with only limited applications for oﬀ-road vehicles.
This dissertation research aims to develop a computational tyre-soil model using nu-
merical techniques to be employed as a virtual test environment for evaluating dynamic
response characteristics and parametrization of theoretical terramechanics-based tyre-soil
interaction models. A 3-D ﬁnite element model of a truck tyre is initially developed and
validated for predicting its dynamics responses on a rigid ﬂat road. The modal prop-
erties of the tyre model are evaluated under the inﬂuences of inﬂation pressure, ground
contact and rolling speed. A computationally eﬃcient methodology is further proposed
via simplifying the multiple layered tyre structure by a single composite part with layered
conﬁguration. Subsequently, a soil model is developed using the FE and SPH methods
with a pressure-dependent material model. The soil model is utilized for parametrization
of the terramechanics-based formulations characterizing normal and shear properties of the
soil. Finally, the parameterized terramechanics-based models are evaluated and veriﬁed via
comparisons of the theoretically estimated contact forces/moments with those predicted
by the virtual tyre-soil testing platform for the stationary, rolling and steered tyre/wheel
models.
1.2 Literature review
The reported studies on tyre-terrain interactions have been critically reviewed so as to
achieve essential knowledge on modeling techniques and build the scope of the dissertation
research. The state-of-the-art on tyre-soil modeling is summarized in the following sub-
sections with particular focus on: (1) pneumatic tyre modeling methodologies for vehicle
system analyses and developments; (2) structural tyre models developed using the ﬁnite
element methods; (3) modal analysis of rolling tyres considering the eﬀects of inﬂation
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pressure, ground contact and rolling speed; (4) eﬃcient representation of the multi-layered
tyre structure; (5) soil modeling theories, formulations and analysis methods, and material
constitutive models; and (6) computational tyre-soil interaction models using diﬀerent
analysis methods.
1.2.1 Tyre modeling
Computer simulations of vehicle multi-body systems have been widely adopted by
automotive designers as a functional tool for evaluating dynamic performance of vehicles.
Dynamic performance of ground-vehicles are strongly dependent on the forces and moments
developed at the tyre-ground interface. The tyre forces/moments are complex functions of
various design and operating parameters, namely, the tyre structure, material properties,
inﬂation pressure, vertical load, rolling speed, terrain proﬁle, tyre-ground friction and more.
A number of tyre models of varying complexities have evolved over the past many decades
for estimating tyre forces and moments. Considerable eﬀorts in modeling of tyres, however,
are continuing in order to seek eﬀective and computationally eﬃcient predictions of forces
and moments for applications in vehicle dynamic analyses. The reported tyre models can
be classiﬁed into three broad categories on the basis of the modeling approach, namely,
physics-based, phenomenological and structural models.
Physics-based tyre models
A number of two- and three-dimensional physics-based models have been reported
for predictions of in-plane and out-of-plane tyre-ground forces. These models, invariably,
employ fundamental mechanical elements such as mass, spring and damping elements to
describe dynamic tyre properties for estimating the forces and moments as functions of tyre
deformations, longitudinal slip/skid, side-slip angle, normal load and rolling speed. Early
physics-based tyre models primarily focused on vertical dynamics of non-rolling tyres for
vehicle ride simulations [1, 4750]. Captain et al. [1] proposed four diﬀerent models
describing diﬀerent tyre-road contact geometries such as a single point-contact, a rigid
roller-contact, a distributed-contact and a radial-adaptive contact, as shown in Figure 1.1.
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(a) (b) (c) (d)
Figure 1.1: Four analytical tyre models evaluated by Captain et al. [1]: (a) point contact,
(b) rigid tread band, (c) ﬁxed footprint, (d) adaptive footprint
The vehicle ride and braking analyses mostly employ in-plane physics-based tyre mod-
els, where the belts and tyre tread are considered as a rigid or ﬂexible ring supported on
an elastic foundation representing the tyre sidewalls [3, 5154]. Figures 1.2(a) and 1.2(b)
illustrate the rigid ring tyre model by Pacejka and Zegelaar [51, 55] as well as the ﬂexible
ring tyre model by Kim and Savkoor [52], respectively. Such models have shown their
eﬀectiveness for analysis of vehicle ride vibrations under road excitations in the low- to
mid-frequency ranges [47, 54, 56, 57]. Bernard [58] introduced a brush type model for ride-
response analyses under higher frequency terrain excitations by incorporating tyre slip and
enveloping properties. Schmeitz et al. [5] proposed an eﬀective road proﬁle technique to
(a) (b) (c)
Figure 1.2: (a) Rigid ring tyre model by Zegelaar and Pacejka [51], (b) Flexible ring tyre
model by Kim and Savkoor [52], and (c) 3-D rigid-ring tyre model by Maurice [4]
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enhance ring tyre models applications under higher frequency excitations.
The out-of-plane behavior of a pneumatic tyre has been considered in a number of
studies. Fiala [59] formulated the lateral force as well as the self-aligning moment produced
due to a constant side-slip angle, considering the normal load, road friction and the tyre
elastic properties. Dugoﬀ et al. [60], Bernard [58] and Deur [61] formulated tyre models
for predicting both the traction and cornering tyre responses under combined longitudi-
nal/lateral slips. Maurice [4, 62] developed a 3-D rigid-ring tyre models by introducing
the out-of-plane tyre properties to the in-plane rigid-ring tyre model, as schematically
illustrated in Figure 1.2(c).
Phenomenological tyre models
Phenomenon-based models of pneumatic tyres have also been proposed on the basis
of mathematical representations of measured tyre data. Bakker and Pacejka [2, 63] devel-
oped formulations known as the Magic Formula tyre model for estimating the steady-state
contact forces/moments produced by a rolling tyre based on a number of scaled trigono-
metric curves. This model has been widely accepted for vehicle dynamics simulations and
can provide good estimates of the cornering and braking forces as well as the aligning
moment for a wide range of side-slip angles and longitudinal slips. Figure 1.3 illustrates
the sample measured points as well as the ﬁtted curves representing these force/moment
characteristics. Besselink [64] extended the basic Magic Formula tyre model to include
(a) (b) (c)
Figure 1.3: The Magic Formula tyre model by Bakker and Pacejka [2] for estimating (a)
the lateral contact force, and (b) the aligning moment as functions of side-slip angle, and
(c) the braking force as a function of longitudinal slip
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the non-steady-state tyre behavior in rapid transient maneuvers undertaking oscillatory
braking and steering inputs.
Semi-empirical tyre models have also been reported, which combine the physics-
based and phenomenological tyre models [6567]. The MF-SWIFT tyre model [65], shown
schematically in Figure 1.4, is one of the most advanced semi-empirical tyre models that
integrates the in-plane and out-of-plane rigid-ring models by Zegelaar [3, 55] and Maurice
[5], the eﬀective road surface model of Schmeitz [68], the Brush Model of Bernard [58], and
the Magic Formula model by Pacejka [63]. The eﬀectiveness of this model for handling and
ride simulations has been examined by a standard benchmarking system, known as the
Tyre Model Performance Test (TMPT) [69, 70]. The TMPT [69, 70] is a comprehensive
test program to determine the relative reliability and application ranges for two groups
of advanced tyre models including the handling tyre models, experiencing low frequency
excitations, and the ride tyre models, subject to high frequency excitations. The TMPT
has assessed several handling models such as TMeasy [21], MF-Tyre [29, 30], Hankook [22],
and Uni Tire [23] as well as various ride models such as the SWIFT [16, 18], FTire [24,
25, 26] and RMOD-K [27, 28] via both measurements and vehicle dynamics analyses in
Figure 1.4: A schematic representation of the MF-SWIFT tyre model [65]
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multi-body system simulation platforms such as ADAMS, DADS and SIMPACK.
The physics-based and phenomenological tyre models have been extensively used in
vehicle system simulations and could yield eﬀective predictions of tyre dynamic responses.
Applications of these models, however, require prior identiﬁcations of their model pa-
rameters via costly and generally limited experiments [68, 71]. Moreover, the range of
applicability of such models is limited in the vicinity of the operating conditions considered
in the tests. Further, these models can only provide global estimations of the tyre-terrain
characteristics that directly inﬂuence the vehicle performance, while the structural details
and material properties of the tyre constituent are entirely disregarded. Therefore, such
models do not contribute towards improvements and optimal designs of pneumatic tyres.
Structural tyre models
Structural tyre models employ numerical approaches such as the Finite Element (FE)
methods, which allow for comprehensive representations of the multi-layered tyre struc-
ture and the material properties of individual layers. A vast number of structural models
have been developed for design and development of pneumatic tyres, while their applica-
tions to vehicle dynamics simulations have been limited due to excessive computational
demands. A number of early two-dimensional ﬁnite element models had taken advantage
of the tyre axisymmetry to achieve computational eﬃciency and could predict the tyre
responses under inﬂation pressure and centrifugal loading [72, 73]. These models, how-
ever, could not account for non-axisymmetric loading and boundary conditions such as the
vertical load and ground contact. Three-dimensional ﬁnite element tyre models have also
been proposed with enhancements in computer technology and numerical procedures [74
78]. These models permitted to consider the three-dimensional tyre structure under more
practical loading/boundary conditions. The complex tyre structure has been represented
using broadly diﬀerent methodologies. Shiraishi et al. [79] developed a library of eﬃcient
tyre models for vehicle crash simulations using LS-DYNA. Figure 1.5 illustrates the 3-D
view and cross-section of the tyre model, which is made of a single layer of membrane ele-
ments with orthotropic material properties and inﬂated as a simple airbag. Although the
simplicity of these tyre models considerably enhanced their computational eﬃciency, their
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applications were limited to predicting only the general responses of the tyre in vehicle
system simulations [8082].
(a) (b)
Figure 1.5: (a) 3-D, and (b) section view of the simpliﬁed tyre model developed by Shiraishi
and Fukushima [79, 81] for vehicle simulation applications
Zhang et al. [83] used ANSYS to develop a 3-D ﬁnite element model for a non-rolling
inﬂated truck tyre in ground contact. Figure 1.6 illustrates the model structure as well
as the multi-layered solid elements representing the carcass and belt plies using individual
layers of rubber matrix and reinforcements with isotropic and orthotropic materials, re-
spectively. The approach allowed for predicting the stresses between the individual layers
and facilitated the selection of a set of tyre design parameters to minimize inter-ply shear
(a) (b) (c)
Figure 1.6: (a) 3-D, (b) half section, and (c) zoom view of the detailed multi-layered
composite tyre structure proposed by Zhang et al. [32]
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stresses and thereby enhance tyre durability. Ridha [84], Alkan [85] and Wang [86] also
proposed similar tyre structure models. These models could eﬀectively predict the contact
pressure distribution, footprint size and static tyre stiﬀness [8487]. However, due to the
computational costs associated with the high number of elements, their applications were
limited to static analyses of non-rolling tyres under inﬂation pressure and footprint loads.
A number of studies represented a rolling tyre model using a non-rolling mesh such
that the rigid body rotation of the tyre and its deformations were separately considered in
the Eulerian and Lagrangian frameworks, respectively [8890]. This technique permitted
to enhance the computational eﬃciency through locally reﬁning the non-rolling mesh only
near the tyre-ground contact region, as seen in Figure 1.7. This type of rolling tyre models,
however, could only predict the steady-state responses of rolling tyres.
(a) (b)
Figure 1.7: (a) 3-D, and (b) section view of the steady-state rolling tyre model proposed
by Korunovi¢ [90]
The transient responses of a pneumatic tyre have also been investigated in a number
of studies using explicit dynamic ﬁnite element simulations [10, 12, 9193]. Chae et al.
[92] used PAM-CRASH to develop a 3-D ﬁnite element model for a rolling radial-ply truck
tyre. Figures 1.8(a) and 1.8(b) illustrate the tyre model together with its half cross-section
mesh. The carcass and belt plies were represented using a three-layered membrane element
to account for the rubber matrix as well as the reinforcements in the carcass and belt, as
shown in Figure 1.8(c). Allen [94], Slade [24, 95], Lescoe [25, 37], Dhillon [26] and Ali [96]
have eﬀectively used this approach in PAM-CRASH to predict the transient responses of
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a pneumatic truck tyre in traction and cornering test simulations.
(a) (b) (c)
Figure 1.8: (a) 3-D, and (b) half cross-section of the tyre model by Chae [11], and (c) the
three-layered membrane element used in the tyre structure model
Hall et al. [10] used LS-DYNA to develop a 3-D structural tyre model for predicting the
tyre transient dynamic responses. Two diﬀerent grids were generated, one for a stationary
loaded tyre with variable mesh density reﬁned locally at the contact region, and the other
for a loaded tyre rolling on a ﬂat rigid road with uniform density around the circumference,
as shown in Figures 1.9(a) and 1.9(b), respectively. Figure 1.9(c) illustrates the cross-
section mesh of the tyre and the wheel rim. The carcass and belt plies were modeled using
the discrete reinforcement technique, where the rubber matrix was described by isotropic
solid elements including discrete reinforcements represented by orthotropic shell elements.
(a) (b) (c)
Figure 1.9: 3-D view of (a) the stationary, and (b) rolling tyre models developed by Hall
[97], and (c) the cross-section of the tyre and wheel rim
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Such structural models, however, pose unreasonable computational demands. It has been
reported that the processing times for the stationary and rolling tyre models for 0.4 and
10 seconds real-time simulations were in the order of 8 and 70 days with the 360 and 750
MHz processors, respectively [97].
Providing input material properties for the tyre constituents is a complex task, partic-
ularly for the composite layers of the carcass and belts. Moreover, the tyre manufacturers
tend to keep their material data conﬁdential for competition purposes. Therefore, several
reported structural tyre models have represented the reinforcing composite layers of the
carcass and belts using equivalent orthotropic material properties [12, 24, 25]. Very few
studies have directly derived the required input data from the material properties of pure
rubber and geometric details of twisted cords [32]. Reid et al. [98] modeled the reinforc-
ing ﬁbers in the carcass and belt plies using beam elements running along the radial and
circumferential directions, as illustrated in Figure 1.10(a). The model allowed to directly
incorporate the constitutive models and material properties of the reinforcing ﬁbers, which
aﬀect the vertical compressive strength of the tyre. Orengo [99] and Wright [100] also
utilized the same approach to represent the tyre reinforcements, as illustrated in Figures
1.10(b) and 1.10(c). Such a high level of complexity, however, would result in further
computational costs.
(a) (b) (c)
Figure 1.10: (a) Modeling the reinforcing ﬁbers through beam elements as used by (a) Reid
[98], (b) Orengo [99], and (c) Wright [100]
A number of studies have taken into account the tyre tread designs, being composed
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of grooves and blocks in complex patterns [24, 101, 102]. Cho et al. [101] proposed an
eﬀective mesh generation algorithm for a car tyre considering detailed tread blocks, as
shown in Figure 1.11(a). The study illustrated that the detailed mesh could predict the
footprint and contact pressure more consistent with the experimental data than a simpliﬁed
mesh, even though much more processing time was required. Majority of the studies,
however, have modeled only the circumferential grooves so as to easily create the tyre
mesh via copying and rotating the 2-D cross-section mesh of the tyre [10, 12, 32, 75, 103].
A number of studies have entirely ignored the tread patterns in order to expedite the
contact calculations by excluding the local eﬀects of the tread designs and thereby enhance
the computational eﬃciency [25, 98100], as exempliﬁed in Figure 1.11(b).
(a) (b)
Figure 1.11: (a) Detailed tyre mesh considering tread blocks proposed by Cho et al. [101],
and (b) neglecting of the tyre tread designs to facilitate contact calculations [98]
The Mooney-Rivlin material model is widely adopted for representing the rubber ma-
terials in the tread and bead ﬁllers [10, 12, 24, 32, 75]. This constitutive model is formulated
based on a strain energy function in a polynomial form with two elastic constants, being
identiﬁed through a scaled tensile stress-strain relationship and least squares curve ﬁtting
[104, 105]. Zhang et al. [32, 83] used the Mooney-Rivlin rubber material model, while the
nonlinear equations governing the nearly-incompressible behavior of the rubber elements
were derived using the mixed interpolation of the displacement and pressure formulation to
enforce the incompressibility constraint. The Mooney-Rivlin elastic constants in the strain
energy density function were identiﬁed based on a previous study by Papoulia [106] using
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the stress-strain relation for a block of the tread rubber [9].
In the reported rolling tyre models with large element numbers, the rubber elements
have been modeled using linear one-point-integration solid elements rather than fully
(eight-point) integrated elements so as to diminish the process time as well as to pre-
vent some numerical instabilities [10]. However, applying one-point-integration elements
would cause the elements to give the deformed mesh an unrealistic and abnormal (zigzag)
form resulting from zero energy modes, referred to as hourglass energy, as illustrated in
Figure 1.12, that ought to be minimized through hourglass control options [97, 107].
forcement (cords in a layer of rubber matrix) is discretely modeled using quadri-
lateral membrane elements based on the Belytschko-Lin-Tsay shell element
[24,25]. This methodology allows separate stresses and strains to be obtained in
the rubber and reinforcement layers, but not in the individual reinforcing cords.
Shared nodes are used to define the various interfaces between adjacent internal
components, such as between the matrix and reinforcement layers of the carcass
plies, etc., and between a bandage and breaker layers, etc. This modeling
approach correctly assumes that the different material components are fully
bonded to each other. Although internal delamination between tire components
has received attention recently [26], it rarely occurs in practice. Should future FE
work require the modeling to include delamination damage, an alternative option
in the mesh specification could be to treat the ‘delaminating’ interfaces as sepa-
rate contacts. To simulate progressive damage growth, the nodes in the ‘delami-
nation’ zone would be tied to the adjacent surface until a suitable failure criteri-
on is satisfied and the ties would be numerically broken.
The beads at the tire’s rim are simply modeled using linear solid elements
and the elastic constants are those of bulk steel. A precise physical representation
of the two beads is not considered important since they are a significant distance
from region of interest, which is the contact patch. As Fig. 2(b) reveals, the steel
wheel, in two halves, is coarsely modeled as a thin shell structure and its mesh is
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FIG. 4 — Numerical deformation of the tire cross-section with the default  (Type 1) viscous hourglass
control  formulation.
Figure 1.12: Hourglass deformation in the tyre cross-section under inﬂation pressure re-
sulted from one-point integration solid elements as demonstrated by Hall et al. [10]
The tyre inﬂation pressure in the reported model is generally applied by a constant
uniform pressure load to the inside surface of the tyre model [10, 12, 24, 83]. Studies
investigating tyre responses to impact loading conditions have deﬁned a pressurized control
volume known as the airbag [98, 99]. The changes in tyre pressure due to volume changes
resulting from tyre deformations are determined using he thermodyna ics rules [105, 107].
In studies involving tyre-rim slippage [97] and tyre blow-out [99], the sidewall elements
encasing the steel beads re pressed against the rim ﬂange by the i ﬂation pressure, and
the traction/braking forces are transmitted between the rim ﬂange and the tyre sidewalls
by friction. In such studies, contact must be accurately deﬁned between the tyre clinch
and rim ﬂange elements. In vast majority of the studies, the tyre is connected to the rim
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through shared nodes assuming negligible slippage between the tyre and the rim [11, 95].
An undeformable ground made of rigid shell elements has been widely adopted in
studies involving tyre interactions with roadway surface [12, 15]. The contact between the
solid elements of a pneumatic tyre tread with shell elements of a rigid road can be modeled
by various contact algorithms available in the ﬁnite element codes. In studies employing
LS-DYNA [10, 75, 79, 81, 98, 99], the tyre-ground contact is generally modeled using the
versatile surface-to-surface contact type using the penalty stiﬀness algorithm and Coulomb
friction with smooth exponential transition between the static and dynamic coeﬃcients
of friction [105]. In some studies using ANSYS software [9], the rigid road is discretized
by a set of target elements, which are coupled to the corresponding contact elements on
the surface of the tread solid elements. The Augmented Lagrangian Method is employed
for the nonlinear contact problem, while the contact stiﬀness is derived from the elastic
properties of the contacted elements.
Computationally eﬃcient structural tyre models
The ﬁnite element tyre models could eﬀectively take into account the geometric and
structural details as well as the material nonlinearities and anisotropies of pneumatic tyres
and provided accurate predictions of the their static and dynamic responses under dif-
ferent maneuvers and loading conditions [10, 32, 78, 92, 98, 108, 109]. The high level of
complexity considered in such comprehensive models, however, results in large number of
ﬁnite elements and hence extensive element processing time. Such models are thus not
suited for parametric and design sensitivity analyses, which involve repetitive model refor-
mulations and simulations, especially for the case of rolling tyres on deformable terrains
[24, 25, 40, 97]. Majority of the structural tyre models have thus been limited to static
analyses of stationary tyres subjected to inﬂation and footprint loads [8587]. Such compu-
tationally demanding tyre models have limited applications in vehicle system simulations,
and design and development of pneumatic tyres. As a result, considerable attempts are
still continuing for developments in tyre modeling methodologies to achieve an acceptable
compromise between the model accuracy and its computational eﬃciency.
Chae et al. [11, 92] reported an eﬃcient method of representing the composite plies
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of the carcass and belts in a truck tyre using a three-layered membrane element from
the element library of the PAM-CRASH simulation platform. Two layers of orthotropic
materials with radial and circumferential cords were attributed to the carcass and belt
plies, respectively, while the third layer with isotropic material properties was used for the
rubber matrix, as illustrated in Figure 1.8(c). Although considering only one layer with
circumferential cords could eﬀectively represent the contribution of the belt to the overall
tyre stiﬀness, it cannot adequately illustrate the individual eﬀect of the belt cord angle
on the dynamic responses of a rolling tyre. As a minimum, two layers with positive and
negative cord angles would be required to describe the cords in the belts. for this purpose.
Several other studies have also used this approach in PAM-CRASH to evaluate the static
and dynamic responses of rolling truck tyres on rigid and deformable terrains [12, 24
26, 94, 96]. The majority of the reported studies on rolling tyre interactions with deformable
terrains, however, have oversimpliﬁed the tyre to a rigid wheel to reduce the element
processing time in the interest of focusing on terrain properties [25, 28, 29, 110, 111]. This
suggests the need for an eﬃcient yet reliable tyre model to be employed in analyses of
tyre-soft terrain interactions with reasonable computational cost.
1.2.2 Modal analysis of rolling tyres
Estimating vibration modes and natural frequencies of a pneumatic tyre is of vital
importance in design and development of tyre-vehicle systems for ride quality, minimal
noise, and to identify critical speeds. Tyre material non-uniformities, tread block designs,
and irregularities of the terrain surface are among factors that strongly aﬀect the tyre
vibration modes. Information about the tyre natural modes and frequencies can further
help to provide general solutions for the tyre dynamic responses under varying loading
conditions to be applied in vehicle system simulations. The modal properties of tyres have
thus been reported in a number of studies using widely diﬀerent empirical [112115], theo-
retical [116122], and numerical [13, 75, 123125] methodologies. The natural frequencies
and mode shapes of a structural system are generally determined through solving a linear
eigenvalue problem without considering the resulting stresses from external loads. This
is acceptable only for the structural systems subjected to relatively small deformations.
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Under large deformations, however, where the tyre structure responds nonlinearly to the
applied loads, the stiﬀness and thereby the vibration properties of the system vary con-
siderably compared to the unloaded condition. This is evident from adjusting tension of
a string to tune a musical instrument. The vibration modes and natural frequencies of a
pneumatic tyre, as a nonlinear structure, strongly depend on the stresses caused by the
inﬂation pressure, normal load, ground contact and rotational speed.
A number of studies have attempted to evaluate vibration characteristics of a free
pneumatic tyre using experimental [112114] and analytical [117119] approaches without
considering the tyre contact with ground. Zegelaar [122] and Yam [114] identiﬁed the reso-
nant frequencies of stationary tyres via measurements of vibrational responses at diﬀerent
locations along the tyre circumference. Potts et al. [112, 113] used an optical measurement
method, known as holography, to obtain resonant frequencies and mode shapes of rotating
tyres, as illustrated in Figure 1.13. Such experimental approaches could eﬀectively deter-
mine a number of lower natural frequencies corresponding to simpler patterns of vibrations
such as radial, tangential and lateral modes. The more complex vibration modes associ-
ated with higher natural frequencies, however, could not be excited [112, 114]. Moreover,
the amplitudes of the higher modes could not be accurately characterized in the frequency
(a) (b) (c)
Figure 1.13: (a) First, (b) second, and (c) third radial mode resonances obtained for a
radial-ply tyre using holography [112]
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response plots since these are likely weakened by the tyre damping tendencies [118]. Fur-
ther, the experimental methods do not permit to obtain the complex deformed shapes of
higher modes with suﬃcient resolution, due to relatively limited number of measurement
locations, as demonstrated in Figure 1.14 [114].
Figure 1.14: The ﬁrst eight mode shapes of radial resonance obtained using experimental
modal analysis by Yam et al. [114]
Early theoretical studies took advantage of tyre axisymmetric geometry and simpli-
ﬁed it to a toroidal-shaped membrane [119] or a thin shell of revolution [117, 126128].
This modeling approach could yield free vibration characteristics of an inﬂated but non-
contacting tyre. The axisymmetric shell element formulation [117] permitted incorporating
the pre-stress eﬀects caused by the inﬂation pressure in free vibration analyses of a steel
belted radial-ply tyre with orthotropic material properties. Figure 1.15(a), depicts the
half cross-section section mesh considered for such an axisymmetric ﬁnite element model,
(a) (b) (c)
Figure 1.15: (a) The ﬁnite element shell of revolution model developed by Hunckler [117]
for tyre vibration analysis, (b) the toroidal membrane ﬁnite element model by Saigal [119],
and (c) the thin shell ﬁnite element of revolution by Kung [118]
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and the toroidal-shaped membrane model, reported by Saigal et al. [119], is illustrated in
Figure 1.15(b). The proposed membrane element formulation incorporated the geometric
nonlinearities associated with large deformations of a low-pressure tyre and could detect
the symmetric and twisting modes of free vibrations. The axisymmetric models developed
based on thin shell of revolution could further provide the inﬂuences of the centrifugal
forces on natural frequencies of a free rotating tyre, as illustrates in Figure 1.15(c) [118].
The contributions of ground contact and normal load on natural frequencies of a
rolling tyre, however, have been reported in fewer studies. This is likely due to additional
computing time demand of a 3-D representation of tyre geometry as well as complexities
associated with varying tyre-ground contact boundary condition. The modal expansion
approach has been widely used to provide general solutions for dynamic responses of a
rolling tyre under diﬀerent loading and boundary conditions in terms of the natural modes
and frequencies of a free tyre [122, 127, 129132]. Soedel [129] used this approach together
with the linear thin shell theory to obtain Green function-based solutions for tyre vibra-
tional responses under pure rolling, traction/braking and cornering maneuvers. The model
was used to identify critical speeds forming standing waves. Soedel and Prasad [126] also
proposed an analytical approach to identify the natural modes and frequencies of a tyre
in ground contact from those of the free tyre [126]. Figure 1.16 illustrates the diﬀerences
Figure 1.16: Comparisons of the mode shapes of an inﬂated tyre with those of a deﬂected
tyre in ground contact, as investigated by Soedel and Prasad [126]
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between the new mode shapes of the contacting tyre and those of the free tyre. The linear
thin shell theory, however, could not perform well under high frequency excitations caused
by road irregularities, where a thick shell element formulation would be essential to take
into account the tread rubber inﬂuences.
Estimating modal properties of a contacting tyre has been also reported in several
theoretical studies using the well-known ring on elastic foundation formulation [116, 120
122, 128, 133]. Zegelaar [122] compared the natural frequencies and mode shapes of a
loaded contacting car tyre with those of a free tyre using both experimental and ring
model approaches. Two identical mode shapes (with an oﬀset in the angle of the anti-
nodes) were observed corresponding to each eigen-frequency due to symmetry of the free
tyre. For the contacting tyre, however, those identical modes diverged into symmetric
and anti-symmetric modes at two distinct frequencies. As an example, Figure 1.17(a)
illustrates the quadric mode of a free tyre, which is split in two distinct modes for the
contacting tyre, as seen in Figure 1.17(b) [122]. Several other studies also incorporated
the tyre-road contact in the ring model using radial and tangential displacement-related
constraint equations at the footprint area. These have illustrated the two branches of
symmetric and anti-symmetric mode shapes about the contact point [121]. Such physics-
based approaches, however, necessitate prior tyre measurements for identiﬁcations of the
equivalent mass, stiﬀness and damping constants.
(a) (b)
Figure 1.17: Comparing the shape and frequency of one of the vibration modes of (a) a
free tyre with those of (b) a tyre standing on ground obtained from experimental modal
analysis by Zegelaar [122]
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The theoretical and experimental studies could detect only a few lower mode frequen-
cies with limited accuracy. The structural tyre models, formulated using ﬁnite element
methods, however, could provide more comprehensive deﬂection modes considering the
material and geometric complexities of pneumatic tyres [12, 13, 109, 123, 124, 134, 135].
The majority of these have reported eigenvalue problem solutions for the non-contacting
tyres and thus for the natural frequencies and the corresponding mode shapes [13, 136, 137].
Zhang et al. [13] performed modal analyses of a comprehensive ﬁnite element truck tyre
model subjected to inﬂation pressure only. The study used ANSYS to present a detailed
description for the multiple layers of the carcass and belt constructions, and could demon-
strate the individual eﬀects of the tyre inﬂation pressure as well as the anisotropy-related
features upon the tyre natural frequencies. Figure 1.18 illustrates the 3-D mode shapes
and the corresponding natural frequencies related to the ﬁrst nine modes of the inﬂated
tyre model. The study incorporated the contribution of the tyre internal pressure via prior
determination of the stresses caused by inﬂation and applying them in the eigen-frequency
calculations.
42.11 Hz 45.12 Hz 47.00 Hz 67.30 Hz 67.87 Hz
86.25 Hz 97.62 Hz 98.94 Hz 110.86 Hz
Figure 1.18: The ﬁrst nine natural modes and frequencies predicted from modal analysis
of an inﬂated non-contacting tyre model by Zhang et al. [13]
Extracting the tyre natural frequencies from Fast Fourier Transformation (FFT) anal-
yses of the tyre transient responses to impact-like excitations has been also used in a number
of studies as an alternative to eigenvalue solutions. The drop test has been widely used
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to determine the fundamental frequency of a stationary tyre under static forces such as
the inﬂation pressure and road contact load [12, 109]. Whereas the cleat-drum test has
been applied to investigate the variations in the lowest natural frequency of a rolling tyre
with rotational speed [12, 75, 77, 109, 124, 138]. Figure 1.19 exempliﬁes a cleat-drum test
simulation performed by Kao et al. [75] using LS-DYNA. This approach could eﬀectively
demonstrate the eﬀects of pre-loads and rotational speed on the fundamental natural fre-
quency of a rolling tyre. The tyre mode shapes, however, could not be determined using
this approach. Moreover, the application of this approach was limited to detecting only
the natural frequencies that could be directly excited.
(a) (b)
Figure 1.19: (a) Side view, and (b) zoom view of the cleat-drum test simulation using
LS-DYNA reported by Kao et al. [75]
Very few studies demonstrated the inﬂuences of tyre inﬂation, road contact and rota-
tional speed on eigenvalues of the tyre. This is mostly due to nonlinearities caused by tyre
stresses under multiple loadings and varying contact geometry, which necessitate prior ex-
plicit dynamic simulations [123, 134, 135, 139, 140]. Burke and Olatunbosun [123] applied
MSC/NASTRAN to conduct modal analyses on a pre-loaded tyre for investigating the ef-
fects of air pressure, contact load and rolling speed upon the natural modes and frequencies
of a passenger car tyre. The application range of the study, however, was limited only to a
few basic modes such as lateral, longitudinal, radial and steer, as illustrates in Figure 1.20.
This suggests that the individual contributions of the inﬂation pressure, contact load and
rolling speed to the higher modes and frequencies need to be explored, particularly for the
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truck tyres.
(a) Lateral (b) Longitudinal (c) Radial (d) Steer
Figure 1.20: Basic modes related to (a) lateral, (b) longitudinal, (c) radial, and (d) steer
vibrations, as predicted by Burke et al. [123]
1.2.3 Tyre-soil interaction modeling
The vast majority of the reported tyre models are developed for rolling over rigid roads.
The interactions between the pneumatic tyres and deformable terrains such as soft soils are
presented in relatively fewer studies due to complexities associated with soil constitutive
behavior when subjected to dynamic vehicular loads. Mobility performance characteristics
of oﬀ-road vehicles are highly dependent on the applied forces/moments resulting from
tyre-terrain interactions. Eﬀective estimations of these force/moment properties are thus
vital for oﬀ-road vehicle design and developments. Exploring dynamic properties of oﬀ-road
vehicles in relation to terrains is known as the Terramechanics [141].
Terramechanics-based models and soil testing devices
The terramechanics-based models provide semi-empirical formulations to approximate
the soil stresses at the contact interface as functions of the normal and shear deformations
of soil beneath a rolling wheel. The tyre-soil interface forces and moments are estimated
through integrating these stresses over the contact region [19, 20]. The terrain stresses
are determined using regression-based formulations that contain model coeﬃcients repre-
senting terrain material strength properties [141, 142] that need to be identiﬁed through
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experiments. A number of test devices have been developed for measurements of material
strength properties for diﬀerent types of soils [143].
The cone index was initially used as a measure of soil strength for evaluating the
tractive performance of oﬀ-road vehicles [144]. This property is deﬁned as the soil resistance
against a penetrating cone-shaped object, known as the cone penetrometer, as illustrated
in Figure 1.21(a) [142]. Reece and Peca [145] stated that the cone index is inadequate for
vehicle mobility analyses since it does not illustrate the individual eﬀects of the normal and
shearing strength of soils. Alternatively, the bevameter machine, developed by Bekker [16
18], is used for separately characterizing the normal and shearing characteristics of soils,
as schematically illustrated in Figure 1.21(b). Bekker [1618] formulated the pressure









where n, kc and kφ are soil parameters to be determined via curve ﬁtting of the pressure-
sinkage data obtained from the bevameter machine. The shear stress of soil, τ , was also
represented in terms of its shear deformation, j, using the following phenomenon-based
equation [141]:
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where K is the shear displacement modulus, and τmax represents the shear strength of the
soil, which depends on its conﬁning pressure as characterized by the Mohr-Coulomb failure
criterion [18]:
τmax = c+ p tanφ (1.3)
where c and φ are soil parameters known as cohesion stress and angle of shearing resis-
tance, respectively, to be identiﬁed via the shear ring tests using the bevameter machine
[18]. Besides these types of ﬁeld tests, a number of laboratory tests are also commonly
used in civil engineering for measurements of soil properties [141]. Figure 1.22(a) shows a
simpliﬁed illustration of a triaxial apparatus, where a cylindrical specimen of soil is sub-
jected to hydrostatic pressure and axial load. This device features a measurement feedback
control system that can simulate idealized states such as hydrostatic and triaxial compres-
sions as well as uniaxial strain loading/unloading, which are essential for characterizing
compressibility, shear strength and unloading behavior of soil. Figure 1.22(b) illustrates
the direct shear-box, which is used to identify the shear-related properties of soils under
deﬁned ranges of conﬁning pressures.
(a) (b)
Figure 1.22: Schematic illustrations of (a) triaxial apparatus [146], and (b) shear-box [147]
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Onafeko and Reece [148, 149] measured the radial and tangential stresses beneath a
rolling rigid wheel under driven and towed conditions over a range of longitudinal slip/skid
ratios. Figure 1.23 compares the distributions of the radial and tangential stresses beneath
a driven rigid wheel with those of a towed wheel rolling on the sand. The measurements
revealed the presence of a transition point in the contact region beneath a towed wheel,
where the tangential stress changes its direction from opposite to wheel rotation (speciﬁed
as positive) to a direction along the wheel rotation (negative). Whereas, for a driven wheel
the direction of the tangential stress was consistent with the wheel rotation throughout the
contact region. The study further showed that the position of the maximum radial stress
as well as the location of the transition point for the tangential stress depend on the degree
of slip or skid for a driven and towed wheel, respectively.
(a) (b)
Figure 1.23: (a) Distributions of radial and tangential stresses for (a) a driven rigid wheel,
and (b) a towed wheel rolling on sand, as measured by Onafeko and Reece [148, 149]
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Wong and Reece [19, 20] formulated the radial and tangential stress distributions
beneath a rolling tyre as functions of the tyre sinkage and slip/skid ratio. The radial
stress distribution along the contact region was derived using the Bekker's pressure-sinkage
relation [18] based on the assumption that the reaction of soil at the contact interface of
a penetrating wheel is analogous with that underneath a plate penetrated to the same
depth. Similarly, the tangential stress distribution was estimated using the Bekker's shear
stress-shear displacement relation, while characterizing the shear strength dependence on
pressure via the Mohr-Coulomb failure theory [141]. The study incorporated the eﬀect of
slip/skid in representing the radial and tangential deformations at the contact interface
of a rolling rigid wheel, which resulted in deriving quite diﬀerent formulations of stress
distributions for the cases of driven and towed wheels [19, 20]. Figure 1.24(a) illustrates
the measured [149] and predicted [19] distributions of radial and tangential stresses under a
driven rigid wheel, while Figure 1.24(b) demonstrates those under a towed wheel [20]. The
resulting contact forces and moments were thus approximated through integrating these




[−σr(θ) sin θ + τx(θ) cos θ] dθ (1.4)
(a) (b)
Figure 1.24: (a) Distributions of radial and tangential stresses for a driven rigid wheel on
compact sand under 2000 lb axle load and 22.1% slip, and (b) that for a towed wheel at











where σr and τx are the radial and tangential stresses, b, R, θ, θ1 and θ2 are the contact
width, contact radius, angular position and boundaries of the contact interface, respec-
tively, Fx and Fz are the contact forces along the longitudinal and vertical directions, and
My is the driving/braking torque. As an example, Figure 1.25 illustrates the measured
[149] and predicted [19] driving force and torque produced under a driven rigid wheel on
compact sand for a range of slip ratios. Considering similar formulation for the shear stress
along the lateral direction, a number of studies predicted the cornering force and aligning






Figure 1.25: (a) Driving force, and (b) driving torque of a driven rigid wheel on compact
sand under 2000 lb axle load for a range of slip ratios, as measured by Onafeko [149], and






τy(θ) sin θ dθ (1.8)
where τy is the lateral shear stress, which is related to the side-slip angle through lateral
shear displacement, and Fy and Mz are the side force and aligning moment, respectively.
The reported studies have also considered diﬀerent contact geometries, as seen in Figure
1.26.
The majority of the studies on terramechanics are based on rigid wheels assuming
negligible contributions due to tyre compliance. A few studies have attempted to incorpo-
rate the tyre compliance in the tyre-terrain models by representing the contact arc by a
larger radius than that of an unloaded tyre, as shown in Figure 1.26(b) [151]. Schmid et al.
[152] approximated this contact radius (R) in terms of unloaded radius (r), tyre deﬂection















Figure 1.26: (a) Rigid wheel-soil interaction model for approximating side force and aligning
moment [21], and (b) incorporating pneumatic tyre compliance via representing the contact
arc using a larger radius than that of an unloaded tyre [151]
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These terramechanics-based models have been widely used for approximating tyre-soil con-
tact forces and moments as functions of tyre sinkage, longitudinal slip/skid ratio and side-
slip angle for applications in multi-body system simulations of oﬀ-road vehicles [31, 111,
150, 153, 154] as well as planetary exploration rovers [2123] on soft soils. As an example,
Figure 1.27 illustrates an exploration rover as well as its dynamic model, which is devel-
oped using the terramechanics-based rigid wheel-soil interaction formulations for driving
and steering simulations on loose sand [21].
(a) (b)
Figure 1.27: (a) An exploration rover with rigid wheels, and (b) its dynamic model for
driving and steering maneuvers on loose sand, developed by Ishigami et al. [21] using
terramechanics-based formulations
The applications of these terramechanics-based models, however, necessitate prior
identiﬁcations of the soil parameters used in characterizations of the normal and shearing
behavior of the soil. These parameters are determined via curve ﬁttings of the measured
data [155] obtained from soil test devices [151, 156158]. The reliabilities of the predicted
forces and moments thus highly depend on the accuracy of these parameters for each
particular type of soil.
Computational tyre-soil models using ﬁnite element methods
Terramechanics-based models could yield eﬀective estimations of the overall stress
distributions and force/moment characteristics for oﬀ-road vehicle simulations [111, 150,
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153, 159]. The ﬂow of the soil and its deformed shape under a rolling pneumatic tyre,
however, were not addressed by these theoretical models. Therefore, a vast number of
computational models were developed for simulating tyre-soil interactions in a more real-
istic manner. The Finite Element (FE) methods have been widely used in these models
for accurate representations of soil material properties together with structural details of
the pneumatic tyres. Some of these studies have attempted to predict of oﬀ-road tyre
mobility and motion resistance [160, 161], tyre footprint and soil compaction [29, 30, 162],
and soil ﬂow and stress characterizations [24, 27, 28, 163]. In these studies, the soil is
represented by diﬀerent constitutive models and material properties. A number of stud-
ies have used the traditional plasticity theory and described the soil as an elastic-plastic
material represented by a bi-linear stress-strain curve with a constant yield stress [24
26, 28, 29, 164, 165]. These studies require only minimal material properties including
the Young's modulus, yield stress and tangent modulus. While the initial values for these
material parameters are approximated from the reported measured data for the typical
soils [166], ﬁnal values are tuned by matching the simulation results with the reported
experimental data in terms of pressure-sinkage characteristics [24, 95].
Hambleton et al. [28, 29] developed 2-D and 3-D ﬁnite element soil models in the
ABAQUS platform for analyses of wheel-induced rutting in sand and clay for two cases
of indentation and rolling. The tyre was simpliﬁed to a rigid cylindrical wheel, while the
soil was modeled using an elastic-plastic material model consisting of a linear elastic part
expressed by Young's modulus and Poisson's ratio, and a perfectly plastic part following
the Mohr-Coulomb yield criterion described by cohesion stress and friction angle. The
study investigated the inﬂuences of soil strength parameters and wheel geometry on the
relationship between the indentation force and the wheel sinkage. The study showed only
minor diﬀerence between the 2-D and 3-D simulation results for clays. The diﬀerence, how-
ever, were signiﬁcant for sands. An analytical relation between the indentation force and
the wheel sinkage was also approximated, which correlated qualitatively with experimental
data [28]. The study further conducted 3-D simulations of a towed rigid wheel rolling
and rutting in soil, as illustrated in Figure 1.28(a), and provided analytical formulations
to estimate the wheel sinkage under steady-state rutting, which showed reasonably good
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agreements with the numerical and experimental results [29].
(a) (b)
Figure 1.28: FE soil models using elastic-plastic material properties, developed by (a)
Hambleton et al. [28, 29], and (b) Slade et al. [24, 95]
Slade et al. [24, 95] developed a ﬁnite element soil model employing the elastic-
plastic material model to simulate sandy loam using PAM-CRASH. The soil model was
calibrated through comparisons with the Bekker's pressure-sinkage relationship [18], while
the initial soil parameters were extracted from a study by Wong [142]. A detailed ﬁnite
element model of an oﬀ-road truck tyre was also developed to be used for tyre tests on
soft soils, as illustrated in Figure 1.28(b). The soil ﬂows and the pressure distributions
within the soil were qualitatively veriﬁed via comparisons with a reported study by Wong
[142] for two cases of driven and towed rigid wheels, as shown in Figures 1.29(a) and
1.29(b), respectively. Using the validated tyre-soil model, a series of test simulations were
conducted for identiﬁcations of the in-plane and out-of-plane parameters associated with
an analytical oﬀ-road rigid ring tyre model, which was developed through modiﬁcations on
a previous on-road rigid ring tyre model, reported by Chae [11, 12], so as to account for
oﬀ-road tyres running over soft soils.
The traditional plasticity theory, however, could not suﬃciently represent the soil
compaction behavior and the resulting stress responses, since it was developed for metal-
like materials. Unlike metals, soils are highly compressible with varying strength under
compaction loading, particularly the non-cohesive soils such as sands [167]. Figure 1.30
illustrates the stress distributions within the soil domain in a pressure-sinkage test using
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(a) (b)
Figure 1.29: Soil ﬂow and pressure distributions under (a) driven, and (b) towed rigid wheel
models using a ﬁnite element soil model with elastic-plastic material properties, developed
by Slade et al. [24]
a bi-linear elastic-plastic material model with a constant yield stress [37]. The stress
concentrations near the edges of the penetrating plate clearly show the metal-like behavior
of the soil elements under compression.
Figure 1.30: Stress concentrations near the edges of the plate in a pressure-sinkage test
simulation using a ﬁnite element soil model with elastic-plastic material properties reported
by Lescoe et al. [25]
In order to account for the compressible behavior of the soil, a number of studies have
attempted to relate the soil volumetric deformation to the applied pressure via deﬁning an
Equation Of State (EOS). Lescoe [25, 37] and Dhillon [26, 39, 40] applied a linear equation
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of state in PAM-CRASH to relate the pressure and volumetric deformation of a soil through
a constant bulk modulus. Although these studies could yield reasonable predictions of the
contact pressure and the resulting forces and moments, idealizing the soil pressure-volume
response by a linear equation of state could result in inaccurate representation of the
material compressibility of soil. Moreover, the dependence of the soil shear strength on the
applied pressure was not considered in these studies [37, 39, 95].
Alternatively, a number of studies have directly related the shear strength of a soil
to its conﬁning pressure via deﬁning a failure criterion. These studies have mostly used
the soil material models such as the soil and foam constitutive model from the LS-DYNA
material library [38, 43, 45, 100, 168, 169] as well as the Drucker-Prager material model
in ABAQUS [27, 150, 170174]. The soil and foam constitutive model (material type 5 in
LS-DYNA [104, 105, 168]) requires independent sets of input parameters to describe the
compressibility and shearing characteristics of soil, being determined from triaxial tests
[175]. A pressure-volumetric strain curve takes care of the compressibility of soil during
loading, while a bulk unloading modulus speciﬁes a linear behavior for unloading. These
loading/unloading parameters are obtained from the uniaxial strain and hydrostatic com-
pression tests, respectively. The shear strength is described via a yield surface, which
deﬁnes the second invariant of the deviatoric stress tensor as a quadratic function of hy-
drostatic pressure with coeﬃcients realized from a triaxial compression test [105, 168]. This
material model has been widely used for simulations of tyre-soil interactions [38, 100], soil
penetration tests [43, 45, 176], aircraft landing [169, 177], and road-side barrier impacts
[178].
Wright [100] developed a ﬁnite element soil model using the soil and foam material
model in LS-DYNA for analyses of tyre-soil interactions over diﬀerent types of frictional
and cohesive soils. The material model input parameters were determined from triaxial
and direct shear-box tests using curve ﬁtting methods. The soil models were assessed
through comparisons of the simulation results predicted from quasi-static plate sinkage
tests with those obtained from experiments for dry sand and sandy loam. The normal and
tangential stress distributions beneath a towed rigid wheel were estimated, as illustrated in
Figures 1.31(a) and 1.31(b), which correlated well with the experimental results reported
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(a) (b)
Figure 1.31: (a) Normal and (b) shear stress distributions beneath a towed rigid wheel as
predicted by Wright [100] using LS-DYNA
by Onafeko [149] and Reece [19, 20] in a qualitative manner in terms of the maximum
normal stress location as well as the shear stress transition point at the boundary of the
two failure zones. The study integrated the soil model to a simpliﬁed tyre model to predict
performance characteristics of a pneumatic car tyre in terms of rolling resistance, drawbar
pull and tractive eﬃciency on a deformable terrain, as shown in Figure 1.32.
Figure 1.32: Tyre-soil interaction model developed by Wright [100] to predict rolling resis-
tance of a towed tyre on soft soil
Fervers [27] developed a ﬁnite element soil model using the Drucker-Prager material
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model in ABAQUS, which considers the dependence of soil shear strength on its plastic
compaction. A 2-D ﬁnite element tyre model was used for analyses of a rolling tyre on
deformable soils so as to avoid computationally demanding simulations associated with
3-D representations of the pneumatic tyres. Two diﬀerent types of soils were considered
including a wet loose loam as a cohesive soil with low compaction resistance, and a dry
dense sand as a frictional soil with high compaction resistance. The tyre model was inﬂated
at extremely low and high inﬂation pressures, and was vertically loaded while driven at zero
slip. Figure 1.33 illustrates the tyre sinkage, soil compaction and pressure distributions in
loam and sand for high and low inﬂation pressures. The tyre sinkage into the loam was
much deeper for the high inﬂation pressure tyre compared to the low pressure tyre (Figure
1.33(a)). The sinkage of tyre into the sand, however, was nearly identical for both the
inﬂation pressures (Figure 1.33(b)). Moreover, the loam was compacted more under a high-
pressure tyre (Figure 1.33(a)), and the pressure contours were deeper, compared to a low-
pressure tyre (Figure 1.33(c)). However, on the sand, for the low inﬂation pressure, the soil
was compacted more, particularly in the upper layers (Figure 1.33(b)), and the reduction
of pressure was not as eﬀective as it was on the loam (Figure 1.33(d)). Further, on the
(a) (b)
(c) (d)
Figure 1.33: Soil compaction for (a) loam, and (b) sand; and pressure distributions in (c)
loam, and (d) sand at high and low inﬂation pressures, reported by Fervers [27]
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loam, the rolling resistance of high pressure tyre decreased signiﬁcantly for the low inﬂation
pressure (Figure 1.33(a)). The operation on sand, however, resulted in accumulation of
soil in front of the tyre leading to a bulldozing wave (Figure 1.33(c)). This accumulation
was not observed for the low pressure tyre, which contributed to signiﬁcant reduction in
the rolling resistance.
Li et al. [150, 151] also developed a ﬁnite element soil model using the Drucker-Prager
constitutive model in ABAQUS with input material parameters determined from triaxial
tests. An analytical tyre-soil interaction model was also developed based on terramechanics
formulations for estimations of the normal and tangential stresses as well as the tyre-soil
interface forces and moments to be used in oﬀ-road vehicle multi-body system simulations
using ADAMS. Using the ﬁnite element soil model, a number of virtual tests were per-
formed for identiﬁcations of the analytical model parameters. Figures 1.34(a) and 1.34(b)
exemplify the pressure-sinkage and the direct shear-box simulations used for parametriza-
tion of the normal and tangential characteristics of soil in a limited range of sinkage depth
and shear displacement. The soil model was integrated to a ﬁnite element model of an
excavator tyre for investigating dynamic performance properties such as drawbar pull and
cornering force at varying slip conditions. It was shown that the FE model overestimates
the forces and moments developed at the interface compared to the analytical model.
(a) (b)
Figure 1.34: Plate-sinkage and shear-box test simulations performed by Li et al. [150, 151]
using ﬁnite element method
Xia [30] also used the Drucker-Prager material model in ABAQUS to develop a 3-
D tyre-terrain system for predicting soil compaction and tyre mobility. While a few top
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layers of the soil elements were represented using the Drucker-Prager model, the remain-
ing elements at the bottom were described by a simple elastic model with stiﬀer material
properties, as illustrated in Figure 1.35. A non-uniform mesh was used for the soil do-
main, being reﬁned only at places undergoing large deformations. Using the computational
model, the inﬂuences of the tyre inﬂation pressure, rolling speed and contact friction on
eﬀective rolling radius, hub acceleration, axle torque and traction performance were in-
vestigated. The study demonstrated that the ﬁnite element soil modeling can serve as a
robust tool for predicting soil compaction and tyre traction properties as a replacement for
tyre performance ﬁeld tests.
Figure 1.35: Tyre-soil interaction model developed by Xia [30] using ﬁnite element method
Computational tyre-soil models using mesh-less analysis methods
The vast majority of the studies have modeled the soil using the Finite Element (FE)
methods [24, 27, 29, 100, 173, 179]. A number of those developed the soil models in
the Pam-Crash platform [37, 39, 95] for predicting the contact pressure distributions as
well as the forces and moments produced under a truck tyre when rolling on deformable
terrains. These have found that the mesh-based nature of the ﬁnite element method is not
appropriate for simulating the penetration of a ﬂat plate into soil. In a ﬁnite element mesh,
the soil elements are connected through shared nodes and thus can never be disintegrated
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in response to the penetrating plate. This limitation makes the soil domain to deform
in accordance with the mesh pattern and the soil acts like a piece of sponge, which is
not representative of actual soil response. Figure 1.36 illustrates the sponge-like response
of the soil domain in the plate-sinkage test, as reported by Lescoe [25, 37] and Dhillon
[26, 39]. Dhillon [39] further observed that the penetrating plate is supported not only by
the compacted soil elements, but also by the undesirable tension caused by the stretched
soil elements that cannot be disconnected from each other, leading to inaccurate contact
force predictions. Several other studies using the ﬁnite element methods for modeling large
deformations of soils have also reported similar limitation for the FE method [38, 43].
(a) (b)
Figure 1.36: Sponge-like deformed shape of the ﬁnite element soil mesh in the plate-sinkage
test simulations reported by (a) Lescoe et al. [25, 37], and (b) Dhillon et al. [26, 39]
Alternatively, a few studies have used mesh-less methods such as the Smoothed Particle
Hydrodynamics (SPH) method [26, 37, 40, 180], and the Discrete Element (DE) method
[181184]. The Smoothed Particle Hydrodynamics technique was invented by Lucy [185],
Gingold and Monaghan [186] for simulating astrophysical processes, and has been widely
used for analyses of viscous ﬂuid ﬂows [187, 188] as well as strength of materials [189]. This
method of analysis uses ﬁnite particles (in place of ﬁnite elements), while each particle
carries hydrodynamic ﬁled variables that change on the basis of conservation laws. Each
ﬁeld variable is smoothed at a particle via averaging those of other neighboring particles
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within a distance named smoothing length, while an averaging function (kernel), gives
weight to the contribution of every neighboring particle based on its closeness. Unlike mesh-
based approaches such as the ﬁnite diﬀerence, ﬁnite element and ﬁnite volume methods, the
spatial derivatives of the ﬁeld variables in the mesh-less method are analytically calculated
by diﬀerentiating these smoothing kernel functions.
Lescoe [25, 37] and Dhillon [26, 39, 40] applied the SPH technique for development
of a computational soil model considering an hydrodynamic elastic-plastic constitutive
model together with a linear pressure-volume equation of state in the Pam-Crash analysis
platform. These studies conducted plate-sinkage test simulations, as illustrated in Figure
1.37, and observed that the mesh-less nature of the SPH method can more realistically
model large deformations of the soil in response to the penetrating plate in comparison
with the traditional FE method. The CPU time for the SPH soil model, however, was
nearly 5.5 times longer than that of an identical FE soil model [37, 39]. Lescoe [37] further
simulated the shear-box test using both the FE and SPH analysis methods, as illustrated
in Figure 1.38, and reported that such extremely large shear deformations, which result in
disintegration of the soil domain, could only be modeled using the SPH method.
Figure 1.37: Plate-sinkage test simulations using SPH method with elastic-plastic material
properties developed by Lescoe et al. [25]
Owing to excessive processing time required for the soil elements/particles, a rigid
wheel model, derived from a previous truck tyre model [11] with tread removed, was used
to study the tyre-soil interactions in a more eﬃcient manner. The initial solver-related
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(a) (b)
Figure 1.38: Shear-box test simulations using (a) FE, and (b) SPH soil models with elastic-
plastic material properties developed by Lescoe et al. [25]
parameters in the SPH soil model, taken from previous studies [35, 36, 42], were ﬁne-tuned
through matching the SPH simulation results with those predicted by the FE soil model
considering identical geometry, grid size and material properties. The SPH soil model could
yield satisfactory results for the stress distributions beneath a stationary rigid wheel, while
the computing time was 4 times longer than for the FE soil model [37]. A hybrid FE-SPH
soil model was thus derived from the FE soil model via replacing few top layers of the FE
elements, undergoing large deformations, with SPH particles [37], which could reduce the
CPU time to nearly one-half. Figure 1.39 illustrates the hybrid soil model under a towed-
rolling rigid wheel at constant speed, which was employed for evaluating the tyre rolling
resistance on a soft terrain. It was observed that the depth ﬁlled with the SPH particles in
the hybrid soil model highly aﬀects the rolling resistance. Using a deeper amount of SPH
Figure 1.39: Hybrid FE-SPH soil model subjected to a towed-rolling rigid wheel, developed
by Lescoe et al. [25, 37]
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particles increased the rolling resistance coeﬃcient. For a full SPH model this coeﬃcient
was 15% higher than that obtained from the FE model.
Barsotti [38] also compared the FE and SPH techniques for modeling a crushable foam
aircraft arrestor bed in LS-DYNA. The arrestor bed was represented using the crushable
foam material model (type 63 in LS-DYNA) in conjunction with an erosion model to al-
low element failure based on a strain criterion. Figure 1.40(a) illustrates the aircraft tyre
model rolling through the FE arrestor model, while creating a rut of crushed material.
(a)
(b)
Figure 1.40: (a) FE, and (b) SPH aircraft arrestor bed models subjected to high compaction
and rutting by an aircraft pneumatic tyre model, developed by Barsotti [38]
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The study reported several shortcomings associated with the FE model including distor-
tions of the elements due to large shear deformations, high hourglass energy produced by
the compacted elements, and reduced integration time-step caused by highly compressed
elements. The FE approach was also found inadequate for modeling the plowing action
of the tyre in a deep material. On the other hand, the SPH particles, being inherently
dissociative, could better represent the actual crushable foam material behavior, resulting
in more robust performance of the model for such high compaction and dislocation ap-
plications. With the SPH model, the aircraft tyre revealed clear rut formation through
the material, while shearing through the soil walls and compacting the bottom material,
as illustrated in Figure 1.40(b). Moreover, adding an erosion criterion to eliminate the
distorted FE elements was not needed in the SPH model, since the particles were free to
dislocate and be separated from the domain. Further, unlike the FE model, the time-step
remained constant throughout the SPH solution.
1.3 Research objectives and scope
From the review of the reported studies on analyses of rolling tyre interactions with
rigid and soft terrains, it is evident that the vast majority of the structural tyre models have
been developed for applications on rigid roads. Relatively fewer eﬀorts have been made
towards analyses of tyres on deformable terrains considering the complex behavior of soft
soils under a rolling tyre. The reported structural models of tyres have been successfully
employed for predicting in-plane and out-of-plane dynamic responses of the rolling and
steered tyres. Modal properties of pneumatic tyres have also been reported in a number
of studies, although the vast majority are limited to the free inﬂated tyres. The modal
characteristics of a rolling tyre with ground contact have been addressed in only a few
studies, which are limited to a few lower vibration modes.
The mesh-based nature of the ﬁnite element method, however, has shown poor perfor-
mance in modeling the soil ﬂow under rolling tyre loads. Alternatively, mesh-less methods
such as the Smoothed Particle Hydrodynamics technique could permit modeling of large
deformations and fragmentations of soils under moving vehicular loads. Both the ﬁnite
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element structural models of the tyre and the mesh-less models of the soil, however, pose
excessive computational demands, which would limit their applications for vehicle sys-
tem simulations. The developments in computationally eﬃcient models are thus vital for
applications in vehicle dynamics simulations. Moreover, such models could serve as ef-
fective virtual simulation tools to substitute for costly laboratory tests that are required
for parametrization of physics-based, phenomenological tyre models, and terramechanics-
based soil models. Owing to the lack of a computationally eﬃcient structural tyre model,
the majority of the studies on tyre-soil interactions have been limited to rigid wheel rep-
resentation of the pneumatic tyre. This approach is justiﬁable only for characterization of
the soil properties but would yield considerable errors in forces and moments attributed
to tyre-terrain interactions. The tyre interactions with deformable terrains are generally
evaluated considering terramechanics-based soil models. These analytical models, however,
necessitate prior identiﬁcations of several model parameters, which are obtained through
costly experiments. The overall objective of the dissertation research is formulated to
develop comprehensive tyre and tyre-soil models that could serve as a virtual test envi-
ronment for both on-road and oﬀ-road tyres, and parametrization of terramechanics-based
soil models. The speciﬁc goals of the study are summarized below:
1. Develop a 3-D ﬁnite element model of a truck tyre considering its multi-layered
composite structure for predicting its dynamic responses on a rigid road at relatively
higher speeds and validate the tyre model using available experimental data;
2. Develop a pre-processing algorithm to automate model reformulations for design
sensitivity analyses;
3. Investigate the eﬀects of inﬂation pressure, ground contact and rolling speed on
natural modes and frequencies of the tyre model using the intermittent eigenvalue
extraction approach;
4. Develop a simpliﬁed Part-Composite truck tyre model to improve computational
eﬃciency of the model for developed coupled tyre-soil models;
5. Develop a soil model using the Finite Element and the Smoothed Particle Hydro-
dynamics techniques in conjunction with a pressure-dependent material constitutive
44
model and investigate the merits and limitations of the two analysis methods;
6. Illustrate eﬀectiveness of the integrated tyre-soil model considering the theoretical
estimations for the contact force/moment responses of the stationary, driven, towed
and steered tyre obtained from terramechanics-based models;
1.4 Organization of dissertation (manuscript-based)
This dissertation is prepared according to the manuscript-based format deﬁned in the
Student's Guide to Thesis Preparation, Examination Procedures and Regulations booklet
of the School of Graduate Studies at Concordia University. The dissertation is organized
in seven chapters, ﬁve of which present three published journal articles and two submitted
articles for peer-review. The ﬁrst chapter present the review of relevant reported studies on
diﬀerent methodologies for modeling pneumatic tyres, soft soils and rolling tyre interactions
with rigid and soft terrains. Diﬀerent approaches for modeling pneumatic tyres in view of
dynamic responses and vibration characteristics are initially classiﬁed and discussed. The
chapter further reviews the constitutive models and testing devices used for describing soft
soil behavior in response to rolling tyre loads. The research objectives and scope of the
dissertation are also presented in this chapter.
Chapter 2 presents the following article, published in the International Journal of
Vehicle Systems Modelling and Testing :
S. Shokouhfar, S. Rakheja, and M. El-Gindy. Development of a rolling truck tyre
model using an automatic model regeneration algorithm. International Journal of Vehicle
Systems Modelling and Testing, 11(1):6895, 2016 [109]
The article presents development of a three-dimensional ﬁnite element model of a
rolling radial-ply truck tyre in order to predict its vertical and cornering properties at
relatively high speeds. The model includes a detailed representation of the tyre complex
geometry and multi-layered composite structure including the carcass and belt plies, bead
ﬁllers and tread. An algorithm is developed for eﬃcient formulation of the model for para-
metric analyses, while LS-DYNA, a nonlinear ﬁnite element code, is used as the simulation
tool. The validity of the proposed tyre model is demonstrated by comparing the predicted
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load-deﬂection, cornering and free vertical vibration characteristics with the reported ex-
perimental data. The simulation results show the robust behavior of the tyre model up to
rolling speeds of 100 km/h. The veriﬁed tyre model is subsequently employed to study the
inﬂuences of various operating parameters, namely, the inﬂation pressure, vertical load,
rolling speed and road friction on the tyre vertical and cornering properties.
Chapter 3 presents the following article, published in the International Journal of
Vehicle Systems Modelling and Testing :
S. Shokouhfar, S. Rakheja, and M. El-Gindy. Modal analysis of a rolling truck tyre
subjected to inﬂation pressure and vertical deﬂection. International Journal of Vehicle
Systems Modelling and Testing, 11(2):116141, 2016 [190]
This article presents the modal analysis of a rolling truck tyre under inﬂation pressure
and vertical deﬂection in order to determine its natural frequencies and mode shapes. The
ﬁnite element truck tyre model developed in the previous chapter is used for the eigenvalue
analyses. The nonlinear eﬀects of the inﬂation pressure, vertical load and rolling speed
are incorporated in the analysis through an explicit dynamic simulation to determine the
stress state throughout the tyre at instants when the modal characteristics are desired. The
eigenvalues are subsequently extracted at three key moments when the tyre reaches the
steady state after application of the inﬂation pressure, vertical deﬂection and rolling speed.
It is shown that for a deﬂected tyre, the conjugate mode frequencies, being identical for an
inﬂated tyre, diverge to two diﬀerent frequencies with one being lower and the other higher
than the corresponding frequency of the free tyre under inﬂation alone. The inﬂuences
of the inﬂation pressure, vertical load and rolling speed on tyre natural frequencies are
obtained through the development of a computationally eﬃcient algorithm to automate
the tyre model reformulations for parametric studies.
Chapter 4 presents the following article, published in the International Journal of
Vehicle Systems Modelling and Testing :
S. Shokouhfar, S. Rakheja, and M. El-Gindy. A simpliﬁed model for rolling tyre
interactions with rigid surfaces using Part-Composite approach in LS-DYNA. International
Journal of Vehicle Systems Modelling and Testing, 11(2):142164, 2016 [191]
The article presents a computationally eﬃcient structural model of a truck tyre in
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rolling contact with a rigid road surface for predicting its dynamic responses. The multiple
layers of the rubber matrix and ﬁber-reinforcements, being used in the comprehensive
structural model presented in chapter 2, are now lumped together and represented as a
composite layered conﬁguration of shell elements using the Part-Composite approach in
LS-DYNA. This approach facilitates deﬁnition of the integration rule through the thickness
of the multi-layered element via deﬁning stacks of plies with pertinent material properties,
thicknesses and ﬁber orientations. The validity of the proposed simpliﬁed tyre model
is subsequently demonstrated through comparisons of the simulation results with those
obtained from the comprehensive tyre model presented in chapter 2 as well as with the
reported experimental data in terms of vertical force-deﬂection, cornering force/moment
and vibration characteristics. It is sown that the proposed methodology of integrating
several single-layered elements of the tyre structure into one multi-layered element results
in substantial reduction in the total number of elements in the model and thereby signiﬁcant
improvement in the computational eﬃciency.
Chapter 5 presents the following article, submitted to the Journal of Terramechanics :
S. Shokouhfar, S. Rakheja, and M. El-Gindy. A virtual test platform for analyses of
rolling tyre-soil interactions: Part I  Parametrization of terramechanics models. Journal
of Terramechanics, 2016. (submitted) [192]
The article presents a virtual testing environment for parametrization and evalua-
tion of the terramechanics-based rolling tyre-soil interaction models. A computational
soil model is implemented using the Finite Element and the Smoothed Particle Hydrody-
namics methods in conjunction with a pressure-dependent strength material model using
LS-DYNA. The input parameters to this constitutive model are provided for a few types
of soils based on geotechnical laboratory test data. The soil model is initially validated
in terms of the volumetric deformation behavior via comparisons with the experimental
data. After demonstrating the merits and limitations of the two analysis methods, the
SPH soil model is utilized for conducting a series of virtual tests for parametrization of the
pressure-sinkage as well as the shear stress-shear displacement relations for the selected
soils. The identiﬁed parameters are assessed through comparisons with those calibrated
via actual tests using the bevameter machine as well as the triaxial device.
47
Chapter 6 presents the following article, submitted to the Journal of Terramechanics :
S. Shokouhfar, S. Rakheja, and M. El-Gindy. A virtual test platform for analyses of
rolling tyre-soil interactions: Part II  Evaluations of terramechanics models. Journal of
Terramechanics, 2016. (submitted) [193]
In this article, the parameterized terramechanics-based models are evaluated via com-
parisons of the theoretical estimations for the tyre-soil contact forces and moments with
those predicted by the computational simulations. A pneumatic tyre model as well as a
rigid wheel model are integrated to both the FE and SPH soil models for predicting the
normal and tangential stress distributions beneath the tyre as well as the contact forces and
moments arising from the stationary, rolling and steered tyres. It is shown that the the-
oretical estimations by the terramechanics-based models are quite comparable with those
obtained from simulation models of tyre and wheel under driving, towing and steering
on soft soils. While the FE model predicted relatively higher forces/moments compared
to the SPH soil model, the theoretical estimations occurred in between the FE and SPH
predictions.
Chapter 7 presents the highlights, major contributions and major conclusions of the
dissertation research together with a number of recommendations for future works.
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Chapter 2
Development of a Rolling Truck Tyre
Model using an Automatic Model
Regeneration Algorithm
2.1 Introduction
Dynamic performance of ground-vehicles are primarily determined by the forces/moments
arising from interactions of the pneumatic tyres with the ground. These forces/moments
are known to depend on a number of design and operating parameters in a highly com-
plex manner. These parameters involve the tyre structure, material properties, inﬂation
pressure, vertical load, speed, road friction, road proﬁle and more. A vast number of tyre
models of varying complexities have evolved over the past many decades for estimating
tyre forces/moments using widely diﬀerent methods. Considerable eﬀorts in modeling of
tyres, however, are continuing for accurate and computationally eﬃcient predictions of
forces/moments for applications in vehicle design and dynamic analyses.
The reported tyre models may be grouped into three broad categories on the basis of
the modeling approach, namely, physics-based, phenomenological and structural models.
The physics-based models generally employ mass-spring-damper elements to formulate dy-
namic tyre properties and could estimate tyre forces/moments analytically as functions of
tyre deformations/slips, road proﬁle, speed and other operating conditions. Early models
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focused on vertical vibrations of a non-rolling tyre for applications in vehicle ride simula-
tions [1, 4750].
A number of models formulated the in-plane tyre behavior for vehicle ride and trac-
tion/braking simulations. In these models, the belt and tread components were assumed
as a rigid or ﬂexible ring supported on an elastic foundation representing tyre sidewalls
[3, 5154]. These models were employed in analyses of vehicle vibrations under road irreg-
ularities with low to mid-range frequencies [47, 54, 56, 57] and were further enhanced to
higher frequency excitations by incorporating tyre slip and enveloping properties using the
brush model [58], and eﬀective road proﬁle technique [5]. A number of studies considered
the out-of-plane tyre behavior and predicted tyre cornering force/moment characteristics in
terms of side-slip angle, normal load, road friction and tyre elastic properties [59]. Models
for estimating both traction/braking and cornering characteristics under combined longi-
tudinal/lateral slip deformations have also been reported [58, 60, 61]. Three-dimensional
(3-D) rigid-ring tyre models have been formulated by integrating the out-of-plane tyre
properties to the in-plane rigid-ring tyre model [4, 62].
A group of phenomenological tyre models have also evolved using regression-based
formulations to describe tyre forces/moments under a deﬁned set of operating conditions.
Among the reported phenomenological models, the Magic Formula tyre model [2, 63],
is most widely used for analyses of vehicle braking and steering responses under widely
varying operating conditions [194]. This model is known to provide accurate estima-
tions of the steady-state braking and cornering forces for a rolling tyre as functions of
the longitudinal-slip ratio, side-slip angle, inﬂation pressure and normal load [2, 63]. A
number of semi-empirical tyre models have also been reported that integrate both the
physics- and phenomenon-based models [6567]. The MF-SWIFT model [65] is among the
advanced semi-empirical tyre models that combines the rigid-ring model [35] with the
Magic Formula model [63].
The physical and phenomenological tyre models can yield computationally eﬃcient
predictions of the tyre forces/moments and are thus well-suited for multi-body vehicle
system analyses. The reliability of these models, however, strongly depends on the accuracy
of model parameters that must be identiﬁed through physical measurements [68, 71].
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Owing to nonlinear dependence of tyre forces/moments on various operating factors, the
validity of such parameters is limited to the vicinity of the operating conditions used
in the identiﬁcation tests. Furthermore, the physical and phenomenological tyre models
provide eﬀective estimations of global tyre properties, while such models cannot yield
guidance towards design of pneumatic tyres due to lack of consideration of tyre geometric,
structural, and material properties. Consequently, a large number of structural models have
been proposed for the purpose of tyre design and developments. These, invariably, employ
ﬁnite element (FE) methods, which permit consideration of the geometric, structural and
material properties of pneumatic tyres.
Early FE tyre models were developed based on two-dimensional (2-D) axisymmetric
element formulations considering the tyre subject to inﬂation pressure and centrifugal
loading in order to limit the computational cost [72, 73]. With advances in computer
hardware and numerical algorithms, a range of 3-D FE models have been developed that
incorporate the tyre complex structure under realistic loading and boundary conditions
[7478]. The reported models have employed widely diﬀerent methods to describe the tyre
structure. A number of models represented the tyre as a simple inﬂated airbag using a single
layer of membrane elements with orthotropic material. Such models permitted improved
computational eﬃciency but could only approximate the global performance of the tyre for
applications in durability [80, 81], cornering [82], and vehicle crash [79] simulations.
Zhang [83] reported a 3-D multi-layered truck tyre structure model using ANSYS. The
carcass and belt plies were modeled using layered solid elements considering a number of
orthotropic layers for the carcass and belt reinforcements along with isotropic layers for the
rubber matrix. The approach permitted analyses of stresses between the individual layers
of the carcass and belts, which lead to a set of tyre design parameters to minimize inter-
ply shear stresses and thereby enhance tyre durability. A number of other studies have
also reported similar multi-layered structural models [8487]. These models, however, were
limited to static analyses of non-rolling tyres subjected to inﬂation pressure and footprint
loads, although they could provide eﬀective estimates of static vertical stiﬀness, footprint
size and contact pressure distribution of the stationary tyres [8487].
Rolling tyre models have also been developed using a non-rolling mesh considering
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rigid body rotation of the tyre in Eulerian manner and tyre deformations in Lagrangian
framework. In this approach, the non-rolling mesh is reﬁned only in the vicinity of the
contact area, which helps improve the computational eﬃciency [8890]. However, the
applications of such models are limited only to the steady-state response analyses of rolling
tyres. With advances in explicit ﬁnite element methods, a number of structural tyre models
have been proposed to consider the transient behavior of a tyre in terms of its physical
characteristics [10, 12, 9193].
Chae [92] proposed a 3-D model of a rolling radial-ply truck tyre using PAM-CRASH.
A single composite layer of membrane elements represented the carcass and belt plies, which
comprised a single orthotropic material layer for the carcass with radial cords, and a single
layer for the belt with circumferential cords. Another isotropic material layer was integrated
within the composite layer, which represented the rubber matrix. This methodology of
describing the tyre structure has been used in several studies focusing on transient dynamic
responses of tyres in PAM-CRASH [12, 2426, 94, 96]. This approach, however, does not
permit analysis of stresses and deformations in individual layers, which may be essential for
design purposes. Moreover, this approach cannot simulate the eﬀects of belt cord angle, β,
on the tyre responses since the belt layer assumes only circumferential cords. A minimum
of two layers would be essential to describe the belt with ±β cord angles. Alternatively a
number of studies modeled the carcass and belt plies using several independent layers so as
to capture the inter-layer interactions and their eﬀects on tyre responses. Hall [10] reported
a 3-D rolling tyre model using LS-DYNA. The carcass and belt plies were modeled using
the discrete reinforcement technique, where the rubber matrix was described by isotropic
solid elements including discrete reinforcements represented by orthotropic shell elements.
Such structure models, however, pose unreasonable computational demands. It has been
reported that a 0.4 s real time simulation could take about 200 hours on a Sun Ultra 60,
360 MHz workstation [195].
Apart from the wide variations in the structure models, the tyre models have also
employed diﬀerent material models. Selecting material data for diﬀerent components of a
tyre model is indeed a challenging task partly due to diﬃculties associated with character-
izations of tyre composite components, and in-part due to conﬁdentiality of data by the
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manufacturers. The reported tyre models have thus mostly used equivalent orthotropic
material properties for the ﬁber-reinforced composite layers of the carcass and belts. Only
a few studies have deﬁned material properties that are directly derived from the geometric
and material data of pure rubber and twisted cords [32]. Reid [98] modeled the ﬁbers
using beam elements attached to the isotropic shell elements describing rubber matrix in
the carcass and belt plies. This approach would further increase the model complexity and
computational demand.
The structural tyre models permit the analysis of inﬂuences of various design and
operating parameters on static/dynamic tyre performance characteristics, and can thus be
employed for tyre design and developments. Such models, however, are computationally
demanding for applications in vehicle dynamics simulations compared to the physics-based
or phenomenological models. Moreover, design sensitivity analyses generally involve model
reformulations which lead to signiﬁcantly higher demands on human as well as computing
resources. The structural models, however, could serve as vital virtual tyre testing envi-
ronments for conducting design sensitivity analyses, and identiﬁcation tests required for
parameterizations of physical and phenomenological tyre models. The primary motivation
of the present study arises from the desire for a reliable tyre model with reasonable com-
puting demand for model reformulations and for predicting nonlinear dynamic properties
of a rolling truck tyre under a wide range of operating conditions. A 3-D ﬁnite element
model of a rolling truck tyre is developed to study its vertical and cornering properties
when traversing a rigid road at relatively high speeds. The model takes into account the
multi-layered composite structure of the carcass and belt plies, considering isotropic solid
elements for the rubber matrix and orthotropic shell elements for the reinforcements, while
orthotropic material properties are directly determined from those of the rubber compound
and twisted cords. LS-DYNA is used as the FE simulation tool. An algorithm is devel-
oped for eﬃcient generation and reformulations of the model on the basis of the deﬁned
tyre cross-section, mesh size, structural and material properties, loading and boundary
conditions, and solution method settings to facilitate parametric studies. The validity of
the model is illustrated through comparing the load-deﬂection, cornering and free vertical
vibration characteristics with the reported measured data. The robustness of the model
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is demonstrated at speeds up to 100 km/h, and a wide range of inﬂation pressures and
vertical loads. The validated model is subsequently used for investigating the inﬂuences
of diﬀerent operating conditions, namely, inﬂation pressure, vertical load, speed and road
friction, on the tyre vertical and cornering characteristics.
2.2 Finite element tyre model
A 3-D ﬁnite element (FE) model of a rolling truck tyre is developed to predict its
transient and steady-state vertical and cornering characteristics while traversing a rigid
road. The model is formulated using diﬀerent element types, material models, and contact
algorithms available in LS-DYNA [104, 107]. The models of various constituents of the
tyre are described below.
2.2.1 Tyre geometry and mesh
A radial-ply truck tyre (295/75R22.5) is selected for the FE modeling and analyses,
although the proposed methodology is considered applicable for all tyres. The tyre struc-
ture model is formulated considering tyre geometry and multi-layered structure including
the bead ﬁllers, tread, carcass and belts. Figure 2.1(a) illustrates the tyre cross-section and
the mesh. The carcass and belt plies are represented as composite materials containing
diﬀerent layers of shell and solid elements, while the tyre cross-section geometry is taken
from [11], where only a single composite layer of membrane elements was used to represent
the carcass and belt plies. The bead ﬁllers and the tread are modeled using solid elements
with rubber material. As illustrated in Figure 2.1(a), the two layers of solid elements (re-
gions 1 to 9) represent the carcass rubber matrix in the sidewalls, reinforced by three layers
of composite shell elements with radial cords (cord angle, β = 90◦). Two layers of solid
elements (regions 10 to 14) represent the belt layers, where the upper layer accounts for the
belt rubber matrix sandwiched between two layers of composite shell elements reinforced
by cords with β = ±22◦. The lower solid layer represents the carcass rubber matrix below
the belt, which is also reinforced by a layer of composite shell elements with radial cords.
The carcass and belt plies are modeled using the discrete reinforcement technique
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(a) (b)
Figure 2.1: (a) Tyre cross-section mesh; and (b) Multi-layered tyre structure
[10], where the rubber matrix is represented by solid elements and the reinforcements
are discretely modeled using composite shell elements, as shown in Figure 2.1(b). This
approach allows for stress/strain analyses for the individual matrix and the reinforcements.
The matrix and the reinforcements are considered to be fully bonded by deﬁning the shared
nodes at the interface of the two layers. This assumption is considered valid since the study
was not concerned with delamination of the plies, which rarely occurs in normal operating
conditions.
The 3-D tyre mesh is made of equal sectors through copying and rotating the cross-
section mesh about the tyre axis in equal increments. A reﬁned mesh was used in the outer
circumferential regions (9 to 14), including the tread, belt and partly carcass, by reducing
the rotating increment, so as to accurately model large deformations of the rolling tyre
in the contact area. Applying diﬀerent number of circumferential divisions for the coarse
and reﬁned portions of the mesh, however, caused small gaps and thereby a number of free
edges for the elements near the gaps, as shown in Figure 2.2(a). The initial positions of the
nodes belonging to the free edges of reﬁned elements are thus adjusted in order to obviate
the gaps. A number of constraints are further deﬁned to ensure continuous contact of free
edges of the reﬁned elements with those of the coarse elements during simulations.
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(a) (b)
Figure 2.2: (a) Gaps formed at the interface of the coarse and reﬁned portions of a mesh
with 32 and 192 divisions, respectively, and obviating them via adjusting nodal coordinates
and deﬁning constraints; and (b) 3-D tyre mesh, considering 96 and 192 circumferential
divisions for the coarse and reﬁned regions, respectively
The width and length of each solid rubber element is determined from the mesh
increments deﬁned for tyre cross-section mesh and the number of circumferential divisions,
respectively. The thickness of the element is governed by the thickness of the respective
layer. The number of circumferential divisions are chosen so as to achieve maximum
element aspect ratio throughout the model close to unity. For a mesh of 96 sectors with
reﬁnement to 192 divisions for the outer circumferential regions (9 to 14), the model would
yield a total of 17856 nodes and 24192 elements.
Figure 2.2(b) illustrates the 3-D tyre mesh, which is coupled with the wheel rim made
of rigid shell elements through shared nodes so as to ensure tyre-rim force transmission
during free-rolling and cornering force tests. The beads were thus not included in the
model. The road was considered as an undeformable ﬂat or drum surface made of shell
elements of rigid material (4 mm thick). A large diameter (3 m) drum was chosen so as to
perform simulations at relatively high speeds.
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2.2.2 Material models and properties
The material properties of the carcass and belt composite plies were directly obtained
from the geometric and material properties of pure rubber and twisted cords using the
Halpin-Tsai equations [196, 197]. This approach permits study of inﬂuences of geometric
and material properties of individual tyre constituents on the dynamic responses. Table
2.1 lists the isotropic material properties for the pure rubber and twisted cords, which were
taken from the reported studies [32, 198] and slightly reﬁned on the basis of the known
load-deﬂection characteristics [11].
Table 2.1: Material properties of pure rubber, twisted cords, steel rim and rigid road
Material Carcass Belt Carcass Belt Rigid Rigid
property rubber rubber cord cord rim road
Density (ρ, kg/m3) 1190 1190 6677 6563 7860 9000
Young's Modulus (E,MPa) 11.032 13.79 63600 106000 200 10000
Poisson's Ratio (ν) 0.49 0.49 0.3 0.3 0.3 0.28
Shear Modulus (G,MPa) 3.702 4.627 45540 75900
The solid elements representing rubber matrix in the carcass and belt plies are mod-
eled using material type 1 (elastic) from the LS-DYNA material library [104]. The material
properties described in Table 2.1 were used for the material model. The shell elements de-
scribing ﬁber-reinforced layers (Figure 2.3) are modeled using material type 22, which
simulates an orthotropic composite material. Table 2.2 summarizes the geometric proper-
ties considered for the cord-rubber compounds, which include the cord diameter (d), the
Figure 2.3: Fiber-reinforced composite shell element [10]
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composite layer thickness (t) and cord-end-count (cec).






The volume fraction of the cord generally ranges from 0.1 to 0.4 [197]. The material type
22 also requires the density of the cord-rubber compound, which is obtained from the Rule
of Mixtures :
ρ = ρcfv + ρr(1− fv) (2.2)
where ρc and ρr are densities of the twisted cords and the pure rubber, respectively. The
term (1− fv) represents the rubber volume fraction.
The properties of composite material model are deﬁned in terms of orthotropic elastic
constants, namely, the Young's moduli (E1, E2, E3), the Poisson's ratios (ν21, ν31, ν32) and
the shear moduli (G21, G31, G32), deﬁned in the cord axes system (1, 2, 3), as shown in
Figure 2.3. The cord angle (β) is thus also required to deﬁne the orientation of the cords
with respect to the element axes system (x, y, z), also shown in the Figure 2.3.
The orthotropic elastic constants E1, E2, ν12 were derived from the individual prop-
erties of the constituents (Table 2.1) as well as their volume fractions (Table 2.2) using
Halpin-Tsai equations [197], such that:
E1 = Ecfv + Er(1− fv) (2.3)
ν12 = νcfv + νr(1− fv) (2.4)
E2 =
Er [Ec(1 + ζ1fv) + ζ1Er(1− fv)]





where Ec and Er are the Young's moduli of the cord and rubber materials, respectively,
and ζ1 is a constant, taken as 2 [197]. The Young's modulus along axis 3, E3, is identical
to E2, since both are in the transverse direction, normal to the cord axis. Similarly, the
shear modulus G12, which is identical to G13, is computed from:
G12 =
Gr[Gc(1 + ζ2fv) + ζ2Gr(1− fv)]






where ζ2 is taken as 1 [197]. The Poisson's ratio ν13 is also the same as ν12. Furthermore,




ν12 ; ν31 =
E3
E1




Table 2.2 also summarizes the orthotropic material properties of the cord-rubber com-
pounds in the carcass and belt plies, which are computed using the aforementioned Halpin-
Tsai equations [197].
Table 2.2: Geometric and orthotropic material properties of the cord-rubber compound in
the carcass and belt plies
Geometric/material property Carcass compound Belt compound
Cord Diameter (d,mm) 0.6 0.8
Layer Thickness (t,mm) 1.0 1.5
Cord-End-Count (cec, /cm) 4 4
Cord Volume Fraction (fv) 0.15 0.18
Density (ρ, kg/m3) 1810 1910
Young's Modulus (E1,MPa) 7202.77 14220.32
Young's Modulus (E2,MPa) 15.25 20.19
Poisson's Ratio (ν12, ν13) 0.4685 0.4645
Poisson's Ratio (ν23) 0.4217 0.4181
Shear Modulus (G12,G13) 4.646 6.06
Shear Modulus (G23,MPa) 3.577 4.61
The solid elements forming the bead ﬁllers and the tread were described by the
Mooney-Rivlin rubber material model (type 27). This constitutive model is considered
to accurately describe the hyper-elastic behavior of the rubber in tyre models [10, 12, 32].
Table 2.3 summarizes the material model parameters for the diﬀerent rubber compounds in
the tyre structure, namely, the mass density, the Poisson's ratio, and the elastic constants
C10 and C01 in the Mooney-Rivlin's strain energy function [11]. The table presents the ma-
terial properties for the bead ﬁllers, the tread base and tread cap, and the corresponding
regions shown in Figure 2.1(a).
The shell elements representing the wheel rim and the road were described using
material type 20 (rigid) since these are substantially stiﬀer than the tyre constituents. The
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Table 2.3: Material properties of the solid elements of bead ﬁllers and tread [11]
Component Bead ﬁllers Tread base Tread cap
(regions) (1) (2 to 4) (1) (2 to 6) (1) (2 to 5)
Density (ρ, kg/m3) 882 881 869 596 693 693
Constant (C10,MPa) 0.392 0.392 0.41 0.51 0.67 0.67
Constant (C01,MPa) 1.268 1.268 1.44 1.86 2.46 2.46
Poisson's Ratio (ν) 0.499 0.499 0.499 0.499 0.499 0.499
input data to this material model are summarized in Table 2.1. Based on the geometric
and mass properties deﬁned for diﬀerent components of the tyre model, the masses of the
tyre and rim were computed as 46 and 32 kg, respectively, which are in good agreement
with data reported for the 295/75R22.5 tyre [12].
2.2.3 Tyre inﬂation model
The tyre inﬂation pressure was modeled via applying a uniformly distributed normal
load to the inner layer shell elements of the tyre. This approach yields uniform constant
pressure independent of changes in the tyre volume resulting from the tyre deformations. It
has been reported that the tyre normal deﬂection yields only small increase in the inﬂation
pressure, in the order of 2%, which is also considered to be small compared to the estimation
errors of typical FE tyre models [10].
2.2.4 Tyre-road contact model
The tyre-road contact is modeled using automatic surface to surface contact [107]
between the tread elements and the road elements, together with the penalty stiﬀness
approach [105]. In this approach, the penetration of the tread element nodes, considered
as the slave nodes, into the road elements, treated as master segments, are resisted by
a penalty stiﬀness factor. The friction between the tyre and road is modeled using the
Coulomb formulation, while the transition between the static and dynamic coeﬃcients of
friction (µs and µd) is smoothed through an exponential decay based on a decay coeﬃcient
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(dc) of 0.5 and the relative velocity (Vrel) between the slave nodes and the master segments,
such that [105]:
µ = µd + (µs − µd)e−dc|Vrel| (2.8)
where µ is tyre-road friction coeﬃcient. Depending on the road surface condition, the
static and dynamic coeﬃcients of friction may vary from µs = 0.8 and µd = 0.75 (for dry
asphalt) to µs = 0.2 and µd = 0.15 (for hard-packed snow) [142].
2.2.5 Method of solution
Automatic model regeneration
A high speed rolling tyre exhibits various nonlinear dynamic properties that may arise
from large deformations of the elements under severe loading conditions, nonlinear behavior
of the rubber and reinforcements, and changing boundary conditions due to variations in
the tyre-road contact geometry. The LS-DYNA [107] was chosen as the FE solver to
evaluate nonlinear dynamic properties of the rolling tyre. The solver, however, involves
considerable eﬀorts for sensitivity analyses and characterizations that require re-meshing
and repetitive simulations. An algorithm is designed to perform the model regeneration
within the preprocessor in an automated and eﬃcient manner. The algorithm also permits
repeated simulations for design sensitivity analyses and characterizations under a range of
loads with minimal user eﬀorts. The algorithm, developed using Visual-C#, formulates a
command ﬁle for the LS-DYNA preprocessor to regenerate the model using the user input
data. Figure 2.4 illustrates the interface of the proposed algorithm with the LS-DYNA
User InputCommand File












Figure 2.4: Re-modeling and analysis procedure
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preprocessor and the re-modeling and analysis procedure. The algorithm initially converts
the user-deﬁned design and simulation parameters into a command ﬁle containing the list of
commands to be executed by the preprocessor, denoted by LS-Pre Processor in Figure 2.4.
These may include the tyre design data such as tyre cross-section, mesh size, geometric,
material and damping properties; loading and boundary conditions, e.g., load curves for
tyre inﬂation pressure, vertical load and speed; tyre-road friction and contact parameters.
Solution settings such as integration step-size, elements formulations and hourglass control
options are also incorporated. For simulations involving any changes in the tyre model
input parameters, the command ﬁle can be regenerated in a highly eﬃcient manner. The
LS-DYNA preprocessor then executes the command ﬁle and generates the input ﬁle for the
LS-DYNA solver, known as the keyword ﬁle. Depending on the type of elements chosen
for the model, the user may need to re-order the default node numbering for generating
the model ﬁle for the LS-DYNA solver. The algorithm is designed to reduce this user
eﬀort by modifying the keyword ﬁle with desired order of the nodes to generate the model
ﬁle. The LS-DYNA solver subsequently reads the modiﬁed model ﬁle and performs the
analysis. The simulation results obtained from the solver are visualized by the LS-DYNA
post-processor, denoted as LS-Post Processor in Figure 2.4.
Required simulation scenarios
The explicit time integration method [107] was used for the transient dynamic anal-
yses. The required simulation scenarios included the load-deﬂection test, drop test, free-
rolling, cleat-drum test, and cornering force test at constant side-slip angles, which are
brieﬂy described here. The simulation is initiated by inﬂating the tyre to a nominal pres-
sure, i.e., 758 kPa (110 psi). Following the tyre stabilization after inﬂation, a vertical load
is applied to the rim center in a ramp manner up to the desired load, e.g., 26.7 kN (6000
lb). Although a damping ratio of 5% is commonly adopted for tyres [92], a critical damp-
ing is applied to dampen the oscillations following the tyre loading and thereby obtain
rapid convergence to steady-state deformation. The critical damping is computed based
on the natural frequency corresponding to the ﬁrst vertical free vibration mode of the tyre,
obtained from transient vertical oscillations of the tyre in the drop test [142]. The rolling
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phase of the tyre is then initiated and the damping ratio is reduced to the typical value
of 5%. A free-rolling condition was simulated by applying a prescribed velocity (up to
100 km/h) to the road along the tyre longitudinal axis, while the rim was only allowed to
rotate about its axis after it was vertically loaded. The vertical loading was simulated by
applying a prescribed vertical motion corresponding to the desired vertical load, e.g., 33.64
mm vertical displacement to represent 26.7 kN nominal operating load. A rigid drum of
3 m diameter with a small semicircular cleat of 1 cm radius was further used to vertically
excite the tyre while rotating. The time-histories of the resulting tyre forces developed
at the tyre spindle were evaluated to determine the dominant free vertical vibration fre-
quencies of the tyre using the Fourier transformations of the vertical vibration response.
A side-slip situation was also simulated by applying the road speed at a predeﬁned angle,
with respect to the tyre heading direction. This approach permitted characterization of
the tyre cornering force/moment properties.
Elements formulations
The one-point integration shell element formulation (type 2) [199] was found suﬃcient
for the rigid elements of the rim and the road. However, for the carcass and belt composite
reinforcements, the fully-integrated shell element formulation (type 16) [199] was used,
which applies a 2× 2 Gaussian quadrature in the shell plane for integration.
As illustrated in Figure 2.5, the solid elements representing the rubber matrix in
the carcass and belt plies yield aspect ratios well above the desired unity value due to
their very small thickness. Such thin solid elements have been mostly modeled as 2-
D shell elements assuming constant thickness [92]. 3-D solid elements are used in this
study so as to capture the individual elements' deformations along the thickness axis.
Applying the widely-used one-point integration formulation for such poor aspect ratio
elements revealed poor convergence. Alternatively, fully-integrated element formulation
was attempted, which provide stable solutions for rolling speeds up to 50 km/h. Extreme
deformations leading to negative volume errors and instabilities, however, were observed
at speeds above 50 km/h. The thick-shell element formulation available in LS-DYNA
[107], was subsequently employed, which uses a solid element formulation with a strong
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Figure 2.5: Modiﬁed order of node numbers in thick shell elements
emphasis on shell properties [105]. Owing to the 3-D constitutive law for such elements,
the thickness changes could be easily deduced. As shown in Figure 2.1(a), a stack of two
layers of such solid elements is considered to capture bending properties of the structure.
This, however, involved re-ordering of node numbering for these thick shell elements. In
this study, these elements are created through copying and rotating the tyre cross-section.
Figure 2.5 illustrates default numbering of the nodes, which were subsequently modiﬁed to
the correct order with nodes 1 to 4 on the bottom surface and 5 to 8 on the top surface of
the thick shell element. The model simulations incorporating thick-shell elements revealed
stable solutions up to rolling speeds of 100 km/h.
Furthermore, for the nearly-incompressible rubber materials in the tread and bead
ﬁllers (with ν near 0.5), the fully-integrated solid elements revealed highly stiﬀ behavior
leading to element locking and numerical instabilities. The one-point-integration formula-
tion provided stable solutions and rapid convergence, although it required the control of
hourglass energy modes. Owing to the limitation of viscous forms of the hourglass options
in controlling the hourglass deformations in rolling tyres [15], one of the stiﬀness forms of




A grid convergence study was conducted to identify the desired mesh size so as to re-
duce the computational demand. For this purpose, the algorithm described in section 2.2.5
was used to automatically regenerate the tyre model for conducting repeated simulations
considering diﬀerent circumferential divisions (Nc) for the coarse mesh describing the car-
cass structure, ranging from Nc = 12 to Nc = 192. The mesh for the outer circumferential
regions, comprising the composite belt layer and tread, however, was retained with 192
divisions so as to model the tyre-road contact accurately. Figure 2.6(a) illustrates the vari-
ations in vertical deﬂection of the non-rolling tyre with varying circumferential divisions
(Nc). The variations in tyre cornering force corresponding to 6
◦
side-slip angle at 5 km/h
speed are also presented in Figure 2.6(b). In these simulations, the tyre was subject to
758 kPa inﬂation pressure and 26.7 kN vertical load. The results suggest reasonably good
convergence for the grid with 96 circumferential divisions for the carcass structure.





































Figure 2.6: Variations in the tyre responses as a function of number of circumferential
divisions: (a) vertical tyre deﬂection; and (b) cornering force
2.3 Tyre model validation tests
The validity of the tyre model was established through a series of static and dynamic
tests involving comparisons of simulation results with the reported measured data consid-
ering nominal tyre inﬂation pressure of 758 kPa. These include: (i) static load-deﬂection
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tests to verify the tyre vertical stiﬀness and the contact patch size; (ii) drop and cleat-drum
tests to determine vertical mode fundamental frequency of the non-rolling and rolling tyres,
respectively; and (iii) cornering force tests to evaluate tyre cornering characteristics under
diﬀerent vertical loads.
2.3.1 Load-deﬂection tests
The load-deﬂection tests were conducted to determine steady-state vertical deﬂection
of the tyre under diﬀerent loads up to 40 kN. In each loading case, the tyre was inﬂated
to its nominal pressure of 758 kPa, which was followed by application of a vertical load,
as described in section 2.2.5. The resulting vertical tyre deﬂection response was evaluated
together with the contact patch size. As an example, Figure 2.7(a) illustrates the variations
in tyre deﬂection response corresponding to the nominal load of 26.7 kN applied in a ramp
manner, while Figure 2.7(b) shows the deformed shape of the tyre after application of the
load.





















Figure 2.7: (a) Time history of the tyre deﬂection under 26.7 kN vertical load applied in a
ramp manner; and (b) Deformed shape of the tyre after application of vertical load
Figure 2.8(a) compares the steady-state load-deﬂection response of the tyre with the
measured data reported in [11]. The steady-state contact patch length and width responses
of the tyre are also compared with the measured data in Figure 2.8(b). The comparisons
in Figures 2.8(a) and 2.8(b) show reasonably good agreements of the steady-state tyre
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deﬂection response with the measured data.
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Figure 2.8: (a) Comparisons of steady-state load-deﬂection characteristics with measured
data [11]; and (b) Comparisons of variations in steady-state contact patch length and width
with measured data [11]
2.3.2 Drop and cleat-drum tests
The fundamental vertical mode frequency of the non-rolling tyre was estimated via
the drop test [142]. In this test, the tyre was subjected to a vertical load of 26.7 kN.
The fundamental frequency was subsequently obtained from the exponentially decaying















where τd is period of damped oscillations in the deﬂection response, fn is the fundamental
frequency and δ is logarithmic decrement. The fundamental frequency of the tyre was
subsequently estimated as 19.6 Hz. This frequency was found to be comparable with those
reported for diﬀerent truck tyres. For instance, Ford [201] used the drop test to obtain
fundamental frequency of the 285/75R24.5 truck tyre FE model as 16 Hz. Scavuzzo [202]
measured the fundamental frequency of the 285/75R24.5 truck tyre as 17 Hz using a tyre
modal test rig.
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The vertical mode frequencies of the rolling tyre were subsequently evaluated using
the cleat-drum test [142]. For this purpose, free-rolling tests were initially conducted to
verify the angular wheel velocity, and to examine convergence and stability of the model
at diﬀerent rolling speeds. These tests were conducting at diﬀerent constant longitudinal
velocities of the road surface (up to 100 km/h), while permitting rotation of the loaded
tyre about its axis. Tyre loading was achieved by applying vertical deﬂection of 33.64 mm,
which corresponded to vertical load of 26.7 kN. The static and dynamic friction coeﬃcients
of the road surface (dry asphalt) were assumed as 0.8 and 0.75, respectively [142]. The
longitudinal velocity of the road surface was gradually increased to the desired value for
speeds ranging from 10 to 100 km/h. The angular speed of the tyre model also increased
gradually and approached a steady-state value, as shown in Figure 2.9(a). The simulation
results, however, revealed unstable tyre behavior at road speeds exceeding 100 km/h. This
was evidenced from very large deformations of the solid elements of the carcass leading to
negative volume due to some of deformed elements. The tyre eﬀective rolling radius Re
was also estimated from the road speed V and the predicted steady-state angular velocity
of the rim ωy, as Re = V/ωy. The results revealed nearly constant eﬀective rolling radius
for speeds up to 100 km/h, which could be attributed to application of constant vertical
tyre deﬂection in the tests.




























Figure 2.9: (a) Time history of rim angular velocity in free-rolling simulations under 33.64
mm tyre deﬂection at diﬀerent speeds up to 100 km/h; and (b) Tyre contact with cleat on
a rotating drum
In the cleat-drum test, the tyre was permitted to roll at 50 km/h over a drum with a
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1 cm radius semi-circular cleat, shown in Figure 2.9(b), while the wheel rim was subjected
to 33.64 mm vertical motion, as in case of the free-rolling test. During this simulation,
the typical damping ratio of 5% was used for the tyre constituents. Figures 2.10(a) and
2.10(b) illustrate time-history of the total tyre force and Fourier spectrum of the tyre force
variations at the tyre spindle, respectively. The tyre force spectrum in Figure 2.10(b)
exhibits a peak at 1.2 Hz which is related to the rotation of the drum corresponding to the
linear velocity of 50 km/h. The spectrum also shows a peak near 19.8 Hz, and dominant
peaks near 59.5, 72.3 and 93.3 Hz. Chae [12] also reported a dominant peak near 73
Hz, which was referred to as the ﬁrst free-rolling natural frequency of the tyre. Kao [75]
also conducted cleat-drum tests on a P205/65R15 passenger car tyre using LS-DYNA, and
observed the vertical mode frequency of 85 Hz. The peak at the lower frequency of 19.8 Hz,
however, is slightly higher than the fundamental vertical mode frequency observed from
the drop test (19.6 Hz). This is due to the constraint imposed on the wheel during the
cleat-drum test.























































Figure 2.10: (a) Time history of vertical tyre force; and (b) Fourier spectrum of the tyre
vertical force
2.3.3 Cornering force tests
The cornering characteristics of the tyre model were evaluated in terms of cornering
force and aligning moment over a wide range of side-slip angles up to 12◦. The tyre side-slip
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deformation was produced by applying the road speed at a predeﬁned angle with respect
to the tyre heading direction. In these simulations, the tyre inﬂated at 758 kPa, was
permitted to roll at a forward speed of 5 km/h, while the static and dynamic coeﬃcients of
friction were assumed as 0.8 and 0.75, respectively, to represent a dry asphalt road [142].
The simulations were repeated for three diﬀerent vertical loads of 17.8, 26.7, and 35.6
kN. The cornering force and aligning moment responses of the tyre model are compared
with the measured data and the simulation results reported by Chae [11] for the same
tyre in Figure 2.11. The model results show good agreement with the measured data
for the lower vertical load of 17.8 kN. Relatively good agreements in cornering force and












































































Figure 2.11: Comparisons of (a) cornering force; and (b) aligning moment responses of
the tyre model at 5 km/h free-rolling speed in a range of side-slip angles up to 12◦ with
reported measured data and simulation results [12] for diﬀerent vertical loads of 17.8, 26.7
and 35.6 kN
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aligning moment are also evident under higher loads up to side-slip angles of 8◦ and 4◦,
respectively. The cornering force responses of the tyre model under higher loads reveal
saturation above side-slip angle of about 8◦. The deviation between the measured data
and the model response tends to increase with increasing side-slip in the saturation region,
which is attributed to likely diﬀerences between the tread pattern in the real tyre and the
simpliﬁed tread design considered in the model. The cornering force results presented by
Chae [11], however, exhibit considerably large deviations from the measured data in the
entire range of side-slip angles under higher vertical loads. Even greater deviations are
observed in the aligning moment response, particularly under the higher vertical load of
35.6 kN.
2.4 Inﬂuences of operating parameters on vertical and
cornering properties
The veriﬁed rolling tyre model may be used to study the inﬂuences of variations
in design and operating parameters. In this study, the model is applied to investigate
the inﬂuences of diﬀerent operating parameters on vertical and cornering properties of
a truck tyre. These include the variations in inﬂation pressure, normal load, speed and
road friction. It needs to be noted that parametric study of such tyre models necessitates
repeated model reformulations. The algorithm described in section 2.2.5 is utilized to
realize model reformulations in an eﬃcient manner.
2.4.1 Inﬂuences of inﬂation pressure and vertical load on static
vertical stiﬀness
The static vertical tyre stiﬀness and contact area are strongly related to the inﬂa-
tion pressure. The inﬂuence of inﬂation pressure on the vertical stiﬀness is thus evaluated
considering pressure variations in the 345 to 1172 kPa range. For each inﬂation pressure,
a series of repeated simulations were performed to characterize the load-deﬂection prop-
erties of the tyre. Figure 2.12(a) illustrates the predicted load-deﬂection characteristics
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of the non-rolling tyre for a range of loads up to 44.5 kN at diﬀerent inﬂation pressures.
The results suggest increase in vertical stiﬀness with increasing pressure, as expected and
illustrated in Figure 2.12(b).
























































Figure 2.12: Inﬂuence of inﬂation pressure on: (a) Load-deﬂection characteristics of the
tyre; and (b) static vertical stiﬀness of the tyre
The pressure-dependent load-deﬂection properties of the tyre may be described by a
second order polynomial in terms of the tyre deﬂection ∆:
Fz(∆, P ) = A2(P ) ∆
2 + A1(P ) ∆ (2.10)
where the coeﬃcients A1(P ) and A2(P ) were identiﬁed as quadratic and cubic polynomial
functions of inﬂation pressure P , respectively, within the range of pressure considered:A1(P ) = 1.951× 10
−4 P 2 + 0.314 P + 244.897
A2(P ) = −6.805× 10−6 P 3 + 1.225× 10−2 P 2 + 1.311 P + 620.764
(2.11)
In the above relations, the vertical force Fz is in kN, P is in kPa and ∆ is in m. Moreover,
these relations provided correlation coeﬃcients in excess of 0.99 for the range of pressure
considered. For a given inﬂation pressure P , the static vertical stiﬀness of the tyre Ks can
be obtained as a function of the tyre deﬂection:
Ks(∆, P ) =
∂Fz(∆, P )
∂∆
= 2 A2(P ) ∆ + A1(P ) (2.12)
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The variations in the static stiﬀness characteristics of the tyre are illustrated in Figure
2.12(b) as a function of the inﬂation pressure and normal load. The results suggest that
the static tyre stiﬀness increases with increase in both the normal load and the inﬂation
pressure. Similar trends on the eﬀects of inﬂation pressure and normal load on static
vertical tyre stiﬀness have also been reported by Alkan [85].
2.4.2 Inﬂuence of speed on rolling dynamic stiﬀness
The inﬂuence of variations in speed on vertical stiﬀness of a rolling tyre is investi-
gated through repeated simulations of the free-rolling tyre at diﬀerent speeds considering
the nominal inﬂation pressure (758 kPa) and tyre vertical deﬂection of 33.64 mm, corre-
sponding to the nominal vertical load of 26.7 kN. The linear rolling dynamic stiﬀness is
directly obtained from the vertical contact force of the tyre model for the given constant
tyre deﬂection. Figure 2.13 illustrates variations in the resulting vertical stiﬀness of the
rolling tyre with speed ranging from 0 to 100 km/h. The resulting rolling dynamic stiﬀness
represents the constant linear stiﬀness corresponding to 0 km/h speed, which is lower than
the nonlinear static stiﬀness presented in Figure 2.12(b). The results suggest approximately
5% decrease in the tyre stiﬀness with increase in speed up to about 20 km/h. The dynamic
stiﬀness, however, approaches a nearly steady value at speeds above 40 km/h. This trend























Figure 2.13: Inﬂuence of speed on the eﬀective rolling dynamic stiﬀness of the tyre (inﬂation
pressure = 758 kPa; vertical tyre deﬂection = 33.64 mm)
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with increasing speed has also been reported by Taylor and Bashford [203] through mea-
surements of the dynamic vertical stiﬀness of a 260/80R20 radial-ply agricultural vehicle
drive tyre. The results further show that the tyre rolling at 50 km/h would yield a nearly
5.28% lower eﬀective vertical stiﬀness compared to that at the speed of 0 km/h. Ford and
Charles [201] also reported nearly 5% decrease in stiﬀness of heavy duty truck tyres when
operating at normal speeds.
2.4.3 Inﬂuence of inﬂation pressure on tyre cornering force
The inﬂuence of tyre inﬂation pressure on cornering force response of the rolling tyre
model is investigated through repeated simulations for diﬀerent pressures ranging from 483
to 1034 kPa. The simulations were performed for two diﬀerent tyre loads (17.8 and 26.7
kN) and three diﬀerent values of side-slip angles (2◦, 4◦ and 6◦). The tyre is subjected
to free-rolling at a speed of 5 km/h on a road surface with static and dynamic friction
coeﬃcients of 0.8 and 0.75, respectively. Figure 2.14 illustrates variations in the cornering
force developed by the tyre as a function of the inﬂation pressure for the three diﬀerent side-
slip angles. The results show highly nonlinear dependence of the cornering force on both










































Figure 2.14: Inﬂuence of variations in inﬂation pressure on the cornering force developed
by the tyre under two diﬀerent loads and three diﬀerent side-slip angles: (a) 2◦, (b) 4◦ and
(c) 6◦
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inﬂation pressure from the nominal pressure results in lower cornering force, irrespective
of the side-slip angle considered in the study. An increase in the inﬂation pressure, on
the other hand, resulted in only slight increase or decrease in the cornering force. This
is primarily caused by variations in the contact patch area of the tyre with changes in
the inﬂation pressure. An increase in the inﬂation pressure would yield higher stiﬀness of
the sidewalls but lower contact patch area, while a lower inﬂation pressure causes lower
stiﬀness but greater contact patch area.
Decreasing the tyre normal load to 17.8 kN, however, revealed somewhat diﬀerent
trends in the cornering force characteristics, which are likely due to reduced contact patch
area. In this case, an increase in the inﬂation pressure above the nominal pressure, resulted
in considerable reduction in the cornering force, irrespective of the side-slip angle. This is
likely due to further reduction in the contact patch area. Decreasing the inﬂation pressure,
however, resulted in only slightly variation in the cornering force for side-slip angles of
2◦ and 4◦, when compared to that at the nominal pressure. The results for 6◦ side-slip
angle, however, show relatively greater reduction in cornering force with decreasing inﬂation
pressure, which is likely due to greater side-slippage of the tyre tread in the contact region.
The observed trends are similar to those reported from the measured data for a radial-ply
12R22.5 heavy vehicle tyre [204].
2.4.4 Inﬂuence of vertical load and road friction on tyre cornering
force
The results in Figure 2.14 revealed strongly nonlinear and coupled eﬀects of inﬂation
pressure and vertical load on cornering characteristics of the tyre. Figure 2.15 further
illustrates inﬂuence of variations in normal load on the cornering force characteristics of
the tyre model considering only the nominal inﬂation pressure. The results are obtained for
a range of vertical loads up to 44.5 kN and side-slip angles up to 12◦. For the given inﬂation
pressure, the cornering force increases with increase in the normal load in the entire range
of side-slip angles. At lower side-slip angles the cornering force increases rapidly with
increase in the side-slip angle, which is attributed to greater adhesion of the contact patch
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Figure 2.15: Inﬂuence of variations in normal load on cornering force characteristics at
nominal inﬂation pressure and 5 km/h rolling speed
with the road. In this range of side-slip angles, the normal load has very little eﬀect on the
tyre cornering force. With further growth in the side-slip angle, the partial slippage of tyre
tread in the contact patch increases and the cornering force tends to approach saturation.
Increasing the normal load yields signiﬁcantly higher cornering force at higher slip
angles, as shown in Figure 2.15(b). This is due to relatively high adhesion of the tyre with
the road surface under higher normal loads. The measured cornering characteristics of a car
tyre, reported by Van Eldik Thieme [205] also revealed similar trends. The cornering force
saturation under higher tyre loads occurs at relatively larger side-slip angles compared to
that at lower loads, which further demonstrates the signiﬁcance of the normal load at large
side-slip angles. Wei and Oertel [206] also evaluated cornering characteristics of a truck
tyre under diﬀerent normal loads through FE simulations and reported similar results on
the inﬂuence of the normal load.
Figure 2.16(a) illustrates the inﬂuence of road ﬁction on the cornering force generated
by the tyre model for a range of side-slip angles up to 12◦. The results are presented for
two diﬀerent road surface conditions: (i) a dry asphalt road with µs = 0.8 and µd = 0.75;
and (ii) a wet road surface with µs = 0.5 and µd = 0.45. The results suggest minimal eﬀect
of road surface friction on the cornering force at small side-slip angles. The eﬀect of road
friction, however, is more pronounced with increasing side-slip angle. At higher side-slip
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angles, the cornering force developed on a wet surface is nearly 35% lower compared to
that on the dry asphalt road. Baﬀet [207] measured the cornering forces generated by a car
tyre due to a wide range of side-slip angles up to 16◦ for diﬀerent road friction conditions
and reported similar trends on the inﬂuence of the road friction on tyre cornering force.












































2◦ - Dry Wet
12◦ - Dry Wet
(a) (b)
Figure 2.16: (a) Inﬂuence of variations in road friction (dry and wet asphalt roads) on tyre
cornering force characteristics; and (b) Inﬂuence of variations in rolling speed on cornering
force at 12◦ and 2◦ side-slip angles under diﬀerent road surface conditions
2.4.5 Inﬂuence of rolling speed on tyre cornering force
The tyre rolling speed aﬀects the relative slip between the tyre contact patch and
the road, which could inﬂuence the tyre cornering force, particularly under large side-slip
angles. Figure 2.16(b) illustrates the inﬂuence of speed on the cornering force generated by
a freely rolling tyre on dry and wet road surfaces considered in section 2.4.4. The results
are obtained for tyre speeds ranging from 5 to 100 km/h and two extreme values of the
side-slip angle (2◦ and 12◦) to highlight the eﬀect of side-slip angle in conjunction with the
tyre rolling speed. The simulations were limited to nominal inﬂation pressure and normal
load. The results suggest only minimal eﬀect of the rolling speed on the tyre cornering
force developed on a dry asphalt road, particularly at the small side-slip angle of 2◦. A
reduction in the cornering force with increasing speed, however, is evident for the wet road
condition. This reduction is more evident for the large side-slip angle of 12◦. Longhouser
[208] also reported similar trends for the eﬀect of speed on the cornering force generated
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by a military truck tyre on dry and wet pavements.
2.5 Conclusions
The 3-D ﬁnite element model of the multi-layered rolling truck tyre structure re-
vealed reasonably good agreements with the reported measured tyre properties in terms
of load-deﬂection, contact patch size, cornering force and free vertical vibration frequency
characteristics. The aligning moment response of the model, however, showed agreement
with the measured data for side-slip angles less than 4◦, while the model revealed compa-
rable trends at higher side-slip angles. The thick-shell element formulation selected for the
poor-aspect-ratio solid elements of the rubber matrix in the carcass and belt plies provided
stable model responses at high speeds up to 100 km/h. At speeds above 100 km/h, the
tyre model revealed unstable behavior observed from extremely large deformations of the
solid elements of the carcass.
The automated model regeneration algorithm developed in the study facilitated eﬃ-
cient model reformulations following changes in tyre cross-section, structural design param-
eters, and operating conditions. The proposed model together with the model regeneration
algorithm could thus serve as an important tool for design sensitivity analyses involving
geometric, structural and material properties of the tyre constituents. In particular, the
model with automatic model regeneration algorithm could eﬀectively be used as a virtual
tool for parameter identiﬁcations for the physics-based and phenomenological tyre models.
Repeated model formulations and simulations were performed to study the inﬂuences
of variations in operating parameters such as inﬂation pressure, vertical load, speed and
road friction. The results showed that the static tyre vertical stiﬀness increased with
increase in inﬂation pressure and normal load, while the dynamic stiﬀness of the rolling
tyre was 5% lower than the static stiﬀness. Strongly nonlinear and coupled eﬀects of
normal load and inﬂation pressure on the cornering properties were evident. Reducing
the road surface friction resulted in substantially lower cornering force at higher side-slip
angles, while the eﬀect was minimal at low side-slip angles. Increasing the speed reduced
the cornering force on a wet road surface, particularly at higher side-slip angles, while the
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eﬀect was slight on a dry asphalt road.
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Chapter 3
Modal Analysis of a Rolling Truck Tyre
Subjected to Inﬂation Pressure and
Vertical Deﬂection
3.1 Introduction
Vibration characteristics of a pneumatic tyre are known to play an important role in
dynamic performance of ground vehicles, particularly in view of ride comfort and tyre noise.
Vibration modes of a tyre can be potentially excited by road impacts, tyre non-uniformities,
tread patterns, etc. The tyre natural modes and frequencies are also important consid-
erations for designing and optimizing the tyre-vehicle systems and for identifying critical
rolling speeds. Moreover, natural frequencies and mode shapes of a tyre are representative
of its dynamic stiﬀness, and could facilitate analytical solutions for tyre dynamic responses
to any arbitrary loading in vehicle dynamics simulations. Extensive studies of varying
complexities have thus been reported on estimating vibration properties of pneumatic
tyres using experimental [112115], theoretical [116122] and numerical [13, 75, 123125]
approaches.
It is customary to solve a linear eigenvalue problem to determine the natural modes
and frequencies of a mechanical structure as a free system without attention to its probable
stress state. However, in case of nonlinear systems, particularly those subjected to large
deformations, the stiﬀness of the system and hence the modal characteristics are highly
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dependent on the stresses induced from external loading and boundary conditions. Typical
examples include tuning a guitar string by adjusting its tension, or variations in dynamic
response of a bridge during day and night at regions with signiﬁcant daily temperature
ﬂuctuations. A rolling tyre subjected to internal pressure, centrifugal forces, road contact
and normal load also constitutes a complex nonlinear vibration system, whose natural
frequencies are strongly aﬀected by variations in loading and boundary conditions.
The modal properties of inﬂated non-contacting tyres have been extensively studied
via experimental [112114] and analytical [117119] methods, while neglecting the contri-
butions due to non-axisymmetry attributed to ground contact. The resonant frequencies of
non-rolling tyres have been experimentally obtained through measurements of distributed
vibration responses on the tyre perimeter [114, 122]. Optical methods have been employed
to identify resonant frequencies and the corresponding mode shapes of the rotating tyres
[112, 113]. These experimental methods could eﬀectively identify a number of lower nat-
ural frequencies corresponding to radial, tangential and lateral deformations. Complex
vibration patterns beyond the classical mode shapes, however, can rarely be triggered by
modal testing devices due to restricted types of excitations of such devices [112, 114].
Moreover, the experimental methods cannot obtain the tyre mode shapes with adequate
resolution, particularly the complex 3-D modes associated with higher natural frequencies,
due to limited number of measurement points. Further, damping properties of tyres tend
to attenuate the amplitudes of the higher modes and prevent them to be seen clearly in
the measured frequency response curves [118].
A number of studies have considered the tyre as a thin shell of revolution [117, 126
128] or a toroidal membrane [119] to predict free vibration properties of an inﬂated non-
contacting tyre, taking advantage of axisymmetry in tyre geometry to achieve computa-
tional eﬃciency. Hunckler [117] performed free vibration analysis on a steel belted radial
tyre under inﬂation pressure considering the orthotropic material properties as well as the
pre-stress eﬀects due to internal pressure in the axisymmetric shell element formulation.
Saigal [119] included the geometric nonlinearities due to large displacements in the mem-
brane element formulation to determine free vibration response of a low-pressure tyre. The
study could detect the symmetrical and twisting modes of vibration. Kung [118] studied
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the eﬀects of additional stresses due to centrifugal forces on natural modes and frequencies
of a rotating but non-contacting tyre using the axisymmetric thin shell ﬁnite element of
revolution.
Vibration characteristics of a rolling tyre in ground contact have been explored in
fewer studies compared to the non-contacting tyre, likely due to computational complexities
associated with changing contact geometry as well as losing the axisymmetry assumption
leading to substantial computational demand. Soedel [129] reported dynamic response
of a rolling tyre subjected to contact loading in terms of the natural frequencies and
mode shapes of the inﬂated but non-contacting rotating tyre using the modal expansion
approach. The study used the linear thin shell theory in conjunction with 3-D dynamic
Green function, and could provide a general solution for tyre dynamic response to any type
of contact loading due to pure rolling, traction/braking and cornering. The study also
permitted predictions of the critical tyre speed causing standing waves formations. The
linear thin shell type structure, however, cannot be considered valid under high frequency
disturbances associated with road roughness. A thick shell element formulation would
be essential in such situations to account for tread rubber eﬀects. Several other studies
also used the modal expansion approach to obtain analytical solutions for tyre vibration
responses [122, 127, 130132]. The accuracy of such mode-superposition solutions, however,
strongly depends not only on the accuracy of the modes but also considerations of large
number of natural modes, which suggests the need for measurement or computations of
higher order modes of tyre vibrations [129].
A number of studies investigated the eﬀect of ground contact on tyre natural modes
and frequencies using theoretical approaches. Soedel and Prasad [126] presented an analyt-
ical approach to determine the natural modes and frequencies of a tyre in ground contact
using the responses of the free inﬂated non-contacting tyre. The reported method, how-
ever, could eﬀectively obtain the modes with dominant transverse deﬂection components
at contact with a relatively small footprint area. Many theoretical studies have used the
concept of ring on elastic foundation to predict modal characteristics of the contacting
tyre [116, 120122, 128, 133]. Huang [121] formulated a ring model and included the eﬀect
of ground contact by deﬁning displacement constraints at the footprint along the radial
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and tangential directions. The study observed that the mode shapes were divided into two
branches, a symmetric and an anti-symmetric mode about the contact point, stemming
from the radial and tangential constraints, respectively. This approach, however, involves
identiﬁcations of equivalent parameters of the mass-spring-damper elements via physical
measurements. Zegelaar [122] performed experimental modal analysis on a non-rotating
car tyre and compared the in-plane natural modes and frequencies of a free tyre with those
of a tyre contacting the road under a preload. The study observed that owing to the sym-
metry of the free tyre, each natural frequency corresponded to two identical mode shapes
with an oﬀset in the angular position of the anti-nodes. This symmetry, however, could
not be preserved in the presence of the ground contact, where the initially identical modes
split into symmetric and anti-symmetric modes at two diﬀerent frequencies.
Comprehensive ﬁnite element models of tyres have been formulated for predictions of
tyre vibration characteristics considering the complex tyre geometry and material prop-
erties [12, 13, 109, 123, 124, 134, 135], which could not be adequately represented in the
aforementioned mathematical models. The natural modes and frequencies of free non-
contacting tyres have been widely obtained via solving the ﬁnite element model eigenvalue
problem [13, 136, 137]. Zhang et al. [13] proposed a detailed ﬁnite element model of a
free non-contacting truck tyre considering its multi-layered composite structure using AN-
SYS, and investigated the eﬀects of inﬂation pressure together with the anisotropy-related
parameters on the tyre natural modes and frequencies. In such studies, the eﬀect of inﬂa-
tion pressure is considered through analysis of the stress state of the tyre elements, which
is subsequently used to update the element stiﬀness matrices in the eigenvalue problem
solution.
Alternatively, a number of studies conducted explicit dynamic simulations to predict
natural frequencies of a tyre through Fast Fourier Transformation of the tyre response to
an impact excitation. The drop [12, 109] and the cleat-drum [12, 75, 77, 109, 124, 138] tests
have been commonly used in order to extract the fundamental frequencies of the stationary
and rolling tyres, respectively, under contact loading. Unlike the direct eigenvalue analysis,
this approach can only detect the natural frequencies corresponding to those vibration
modes being triggered by the input excitations. Furthermore, these methods cannot yield
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the mode shapes of the tyre.
Considering the eﬀects of ground contact and rotation in eigenvalue analysis of a rolling
tyre, however, has been reported in only a few studies [123, 134, 135, 139, 140]. This is due
to complexities associated with the geometric nonlinearities involved in determination of
the stress state of the tyre structure under multiple loading conditions and changing contact
geometry, which requires prior explicit dynamic simulations. Burke and Olatunbosun [123]
performed such analysis on an inﬂated/deﬂected rolling tyre modeled in MSC/NASTRAN
and attempted to investigate the inﬂuences of the tyre inﬂation pressure, hub load and
speed on the natural frequencies of a passenger car tyre. The reported results, however,
were only limited to a few basic modes, namely, lateral, longitudinal, radial and steer.
The eﬀects of these operating parameters on the natural frequencies corresponding to the
complex vibration modes, beyond the classical modes documented for tyres, have not yet
been notably reported, particularly for the truck tyres.
In this study, a three-dimensional ﬁnite element model of a radial-ply rolling truck
tyre is employed to predict its natural frequencies and the corresponding mode shapes with
particular focus on the eﬀects of inﬂation pressure, road contact, normal load and the rota-
tional speed. The proposed model comprises detailed representations of the multi-layered
composite structure of a truck tyre and is developed using the material and element library
of the nonlinear dynamic simulation platform, LS-DYNA. In order to estimate the natu-
ral frequencies of an inﬂated and deﬂected rolling tyre, an explicit dynamic simulation is
initially conducted to determine the stress state throughout the tyre. The validity of the
explicit dynamic simulation results is demonstrated through comparisons with the reported
physical measurements. The modal analysis is subsequently performed to extract natural
frequencies and the corresponding mode shapes of the rolling and contacting tyre, while
the nonlinear large-deformation ﬁnite element theory is applied to include the contribu-
tion of the stresses in the element stiﬀness matrices. Parametric studies are performed to
investigate the inﬂuences of diﬀerent operating parameters on tyre natural frequencies. A
model reformulation algorithm is used to conduct repeated simulations in a computation-
ally eﬃcient manner.
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3.2 Finite element model of the rolling truck tyre
3.2.1 Tyre structure model
A 3-D ﬁnite element model of a rolling truck tyre developed in LS-DYNA is used to
perform modal analyses for predicting the tyre natural frequencies and the corresponding
mode shapes. The tyre model formulation has been described in a recent study by the
authors together with model validations in view of vertical force-deﬂection, cornering char-
acteristics, and the fundamental frequency [109]. Figure 3.1(a) illustrates the structure
model, created based on a 295/75R22.5 radial-ply truck tyre. The model contains the
carcass and belt composite plies, tread, and bead ﬁllers. The tyre sidewalls are modeled
by two layers of solid elements representing rubber matrix, and three layers of orthotropic
shell elements with radial cords accounting for reinforcements. The tyre crown area in-
cludes two layers of solid elements: (i) an upper layer representing the belt rubber matrix,
sandwiched between two layers of shell elements reinforced by cords with ±22◦ angle with
respect to the tyre circumferential centerline; and (ii) a lower solid layer representing the
carcass rubber matrix below the belt, which is also reinforced by a layer of shell elements
with radial cords. The bead ﬁllers, tread shoulders, tread base and tread cap are modeled
(a) (b)
Figure 3.1: (a) Tyre structure mode; and (b) Tyre mesh with 96 and 192 circumferential
divisions for the coarse and reﬁned regions, respectively [109]
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using solid elements with hyper-elastic rubber materials.
Figure 3.1(b) illustrates the 3-D tyre mesh with 17856 nodes and 24192 elements,
being made of 96 equal sectors, which is reﬁned to 192 divisions for the outer circumferential
regions so as to accurately model large displacements of the rolling tyre in the contact area.
The tyre mesh is coupled with a wheel rim made of rigid shell elements through shared
nodes. The road is considered as a ﬂat surface made of rigid shell elements, while a drum
of 3 m diameter is used to perform simulations at high speeds. The tyre-road contact is
modeled using the automatic surface to surface contact algorithm [105, 107] in conjunction
with Coulomb friction with smooth exponential transition between the static and dynamic
coeﬃcients of friction [105].
3.2.2 Material constitutive types and properties
The solid elements representing rubber matrix in the carcass and belt plies are modeled
using the elastic material model (type 1) from the LS-DYNA material library [104], while
the elastic properties of rubber are taken from the reported data [198], which have been
presented in [109]. The shell elements describing ﬁber-reinforced layers are modeled using
the composite material model (type 22) [104]. The orthotropic material properties of
the cord-rubber compounds in the carcass and belt plies were obtained considering the
geometric and material properties of the pure rubber and twisted cords using the Halpin-
Tsai equations [196, 197] and reported in [109]. These properties are deﬁned in the cord
axes system, and a cord angle will thus be required to deﬁne the orientation of the cords
with respect to the element axes system. The solid elements forming the bead ﬁllers and
the tread are described by the Mooney-Rivlin rubber material model (type 27), which is
considered to accurately represent the hyper-elastic behavior of the rubber in tyre models
[10, 12, 32]. The material parameters for the diﬀerent rubber compounds in the tyre
structure, namely, the bead ﬁllers, the tread base and tread cap were taken from reported
data [109]. The shell elements representing the wheel rim and the road are described using
rigid material model (type 20) as these are substantially stiﬀer than the tyre constituents.
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3.2.3 Method of solution
Modal analysis of a tyre as a pre-stressed structure
In order to incorporate the inﬂuences of the tyre inﬂation pressure, normal load, rolling
speed, and contact boundary condition on the natural frequencies and mode shapes of a
rolling tyre, it must be considered as a pre-stressed structure [209, 210]. For this purpose,
a transient dynamic simulation is initially conducted, where the tyre, subjected to desired
pressure and normal loading, is permitted to roll freely at a constant speed. The resulting
stress ﬁeld throughout the rolling tyre model is subsequently used in the modal analysis of
the rolling tyre to include the eﬀects of loading and boundary conditions. Modal analysis of
the tyre model is basically carried out using the classical undamped free-vibration analysis
problem [200]: (
[K]− ω2i [M ]
) {Φi} = 0 (3.1)
where [M ] and [K] are the assembled mass and stiﬀness matrices, and ωi and {Φi} are
the natural circular frequency (eigenvalue) and the mode shape vector (eigenvector) cor-
responding to vibration mode i. In the linear inﬁnitesimal-deformation theory of ﬁnite
element, the stiﬀness matrix formulation for each element only includes the constitutive
response of the element material. In this theory, all the pre-stresses and pre-strains might
only participate in the element force vector, and are thus excluded from the above eigen-
value analysis formulation. Applying the large-deformation ﬁnite element theory, however,
the inﬂuences of stresses arising from the loading conditions also contribute to the stiﬀness
matrix formulation, such that [105]:







In the above formulation, [K](e) is the stiﬀness matrix of element (e), of volume V (e), which
is used by the eigensolver in the modal analysis. The ﬁrst term, [Kmat], is the material
stiﬀness matrix, which reﬂects the material constitutive response, and depends on the
stress-strain matrix, [D], and the strain-displacement matrix, [B]. The second term, [Kgeo],
is the geometric stiﬀness matrix and accounts for the geometric nonlinearities associated
with rotation of the stress with the motion. This term is also called the initial stress
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stiﬀness matrix as it reﬂects the contribution of the existing stresses, and depends on the
current state of stress, [σ], and the matrix of shape-function derivatives, [G] [211]. The
tyre-road contact may also contribute as a boundary condition when assembling the total
stiﬀness matrix of the system. It constrains the relative motions of the nodes within the
contact region such that the relative normal displacement remains zero, while the tangential
motion is governed by the stick/slip condition. In the stick mode, the relative tangential
displacement is set to zero, and is unconstrained in the slip mode [105].
LS-DYNA [107], a nonlinear transient dynamic ﬁnite element solver, was selected
as the simulation tool for performing both the transient dynamic and modal analyses in
this study. The pre-and-post processor of LS-DYNA, known as the LS-PrePost, was also
used for both providing the input model ﬁle, and visualizing the output simulation results.
Providing the input model ﬁle using the LS-Pre processor, however, involves considerable
user eﬀorts, particularly when performing repetitive simulations for parametric studies
that may necessitate frequent model reformulations. In order to facilitate this re-modeling
process, a computationally eﬃcient model regeneration algorithm, reported in [109], was
used in LS-Pre processor.
Figure 3.2 illustrates the simulation procedure used for parametric modeling, model
reformulations and modal analysis of the rolling tyre. The procedure sets up the model
based on the user-deﬁned inputs using the automated model regeneration algorithm, which
creates a command ﬁle containing nearly 12000 command lines to be executed by the LS-Pre
processor. These parameters may include the tyre design data such as tyre cross-section,
User InputCommand File













Figure 3.2: Procedure of parametric modeling and modal analysis of the rolling tyre
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mesh size, geometric, material and damping properties; loading and boundary conditions
(e.g., load curves for tyre inﬂation pressure, vertical load and speed); tyre-road friction and
contact parameters. Solution settings such as integration step-size, elements formulations
and hourglass control options are also incorporated. For simulations involving changes
in the tyre model input parameters, the command ﬁle can be regenerated in a highly
eﬃcient manner [109]. The execution of the pre-deﬁned command ﬁle by LS-Pre processor
yields mesh generation, assignment of material properties and elements formulations, and
deﬁnition of the pertinent loading and boundary conditions, together with the required
solution settings (model ﬁle).
Two diﬀerent types of analyses are performed in the LS-DYNA platform, which include
an explicit dynamic simulation to realize the stress ﬁeld due to the applied loading and
boundary conditions, following by an implicit eigenvalue analysis for computations of modal
characteristics, as shown in Figure 3.2. In the explicit dynamic simulation, the tyre is
initially inﬂated to a desired pressure through applying a uniformly distributed normal
load to the inner layer shell elements of the tyre. Following the tyre stabilization after
inﬂation, the vertical load is applied in a ramp manner up to a desired level. It must
be mentioned that the normal load is directly applied to the center of the wheel rim
without increasing the total mass of the system. The rolling phase is initiated when the
tyre oscillations due to applied vertical load subside and steady-state tyre deﬂection is
attained. The free-rolling condition is simulated through applying a ramp-like velocity to
the road along the tyre longitudinal axis until the angular velocity of the rim approaches a
desired steady value. The rim is permitted to rotate only about its axis. Throughout this
explicit dynamic simulation, the nodal displacements as well as the stresses and strains
within all elements of the tyre structure model are computed at each time-step.
The modal analyses of the tyre model are carried out using the LS-DYNA implicit
eigensolver [105] by selecting the intermittent eigenvalue extraction option. Using this op-
tion, eigenvalues are extracted intermittently at particular instants during the simulation,
taking into account the eﬀects of changes in geometry, material, stress state and contact
condition. The eﬀects of inﬂation pressure, vertical load and rolling speed on the tyre nat-
ural frequencies are investigated at three key instants. These are chosen as the instants:
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(i) when tyre deﬂection approaches steady-state following a desired inﬂation; (ii) when the
tyre deﬂection approaches steady-state following the application of a vertical load; and
(iii) when the angular speed of the free-rolling tyre becomes steady corresponding to the
selected rolling speed. The vibration analyses of the model are performed at these three in-
stants considering the corresponding instantaneous geometry and stress state of the model.
Finally, the eigen-solution ﬁles are viewed in the LS-Post processor to scale and animate
the deformation mode shapes corresponding to the tyre natural frequencies.
Solution method settings for implicit eigenvalue analysis
The settings of the implicit solver in LS-DYNA are deﬁned to extract the solutions cor-
responding to the above-stated three instants. For this purpose, intermittent eigenvalue ex-
traction option is chosen by deﬁning IMFLAG in the keyword CONTROL_IMPLICIT_GENERAL
as 6. The default value for this ﬂag is zero for a standard explicit analysis. The variable IGS
in the same keyword is deﬁned as 1 to include the geometric (initial stress) stiﬀness matrix
in the eigenvalue problem. The instants of eigenvalues extractions are deﬁned via the vari-
able NEIG in the keyword CONTROL_IMPLICIT_EIGENVALUE. The variable also deﬁnes the
number of modes to be extracted [107]. Finally, the Block Shift and Invert Lanczos algo-
rithm is selected as the eigenvalue extraction method by setting the variable EIGMTH as 2.
This method uses a very robust iterative algorithm in conjunction with the sparse matrix
solver to achieve rapid convergence, which is considered suitable for eﬃcient computations
of the desired number of eigenvalues and eigenvectors for a large-scaled vibration system
with large degrees-of-freedom [105].
Selection of appropriate elements formulations
The one-point integration shell element formulation (type 2) [199] was found suﬃ-
cient for the rigid elements of the rim and the road. For the carcass and belt composite
reinforcements, however, the fully-integrated shell element formulation (type 16) [199] was
used to achieve improved accuracy. Applying the default one-point integration solid ele-
ment formulation for the 3-D solid elements representing the rubber matrix in the carcass
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and belt plies revealed poor convergence owing to their poor element aspect ratios orig-
inated from their small thicknesses compared to their other dimensions. The thick-shell
element formulation [107] was thus employed, which uses a solid element formulation with
a strong emphasis on the shell properties [105]. For the hyper-elastic rubber materials
in the tread and bead ﬁllers, the one-point-integration solid element formulation [107] in
conjunction with one of the stiﬀness forms of the hourglass energy control (type 5) [107]
provided stable solutions and rapid convergence for the explicit dynamic simulations. For
the eigenvalue analyses, however, this method of element integration exhibited hourglass
eﬀects, particularly in the mode shapes related to the higher modes of vibration (above
20). The fully-integrated solid element formulation was thus found to be essential to obtain
accurate eigenvalues and mode shapes related to higher vibration modes.
3.3 Validation of explicit dynamic simulation results (pre-
stresses)
The validity of the tyre model proposed in [109] was extensively examined by compar-
ing the responses obtained from explicit dynamic simulations with the reported measured
data for the same truck tyre type in terms of static vertical force-deﬂection, cornering and
vertical free vibration characteristics. A grid convergence study was also conducted, and a
mesh with 96 circumferential divisions for the sidewall structure, and 192 divisions for the
outer circumferential regions, as illustrated in Figure 3.1(b), was selected as the minimal
requirement for convergence of the load-deﬂection as well as the cornering force results
[109].
The load-deﬂection and contact patch area characteristics of the tyre model at 758 kPa
inﬂation pressure demonstrated good agreements with the measured data [11], as reported
in [109]. The lateral behavior of the rolling tyre model at 5 km/h was also evaluated in
terms of the cornering force/moment responses to a range of side-slip angles up to 12◦.
The lateral contact force as well as the self-aligning moment responses of the tyre model
showed reasonable agreements with the measured data reported in [11] in the range of lower
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side-slip angles, while the deviation between the measured data and the model response at
higher side-slip angles was likely attributed to the diﬀerence between the tread pattern in
the real tyre and the tread design considered in the model [109].
The validity of the tyre model was further examined in terms of its vertical free
vibration properties under non-rolling and rolling situations using drop and cleat-drum
tests, respectively [109]. The fundamental frequency of the non-rolling tyre was estimated
from the drop test at 19.6 Hz [109], which is comparable with the frequency reported by
Ford [201] at 16 Hz for a 285/75R24.5 truck tyre via drop test; measured by Scavuzzo [202]
at 17 Hz for a 285/75R24.5 truck tyre using a tyre modal test rig; and measured by Burke
[123] at 19.4 Hz for a 195/65R15 car tyre.
The dominant vertical free vibration frequencies of the free-rolling tyre at 50 km/h
were also determined from the cleat-drum test. Figures 3.3(a) and 3.3(b) illustrate the
time-history of the vertical component of the force at the tyre spindle and the Fourier
spectrum of its variations, respectively. Apart from the peak near 1.2 Hz, which is related
to the rotational motion of the drum at 50 km/h, the spectrum also shows a peak near 19.8
Hz, and dominant peaks near 59.5, 72.3 and 93.3 Hz [109]. The peak at the lower frequency
of 19.8 Hz is close to the fundamental vertical mode frequency observed from the drop test
at 19.6 Hz. This frequency is also comparable to that obtained by Kerchman [135] at 19.5























































Figure 3.3: (a) Time history of tyre vertical force; and (b) Fourier spectrum of the tyre
vertical force, as reported in [109]
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Hz via a cleat impact test using ABAQUS for a P205/75R15 car tyre rolling at 50 km/h on
a ﬂat road. The peak near 59.5 Hz is close to the natural frequency of 61.54 Hz obtained
from the modal analysis of the rolling tyre at 50 km/h, which is later discussed in section
3.4. The dominant peak near 72.3 is comparable to the natural frequency of 73 Hz observed
by Chae [12] in a cleat-drum simulation for a 295/75R22.5 truck tyre using PAM-CRASH.
Finally, the higher frequency of 93.3 Hz is comparable to the resonant frequencies observed
by Palmer [124] at 81.1 and 94.7 Hz for a truck tyre using LS-DYNA, and is further
comparable to the vertical mode at 85 Hz obtained by Kao [75] in a cleat-drum test for a
P205/65R15 car tyre rolling at 48.28 km/h using LS-DYNA. These dominant frequencies
are also comparable to the natural frequencies achieved from the modal analyses in this
study, and will be later discussed in section 3.4.
3.4 Modal properties of the inﬂated and loaded rolling
tyre
Modal analyses of the tyre model were performed using the intermittent eigenvalue
extraction at three chosen instants described in section 3.2.3. The eigenvalue analysis
was initially performed for the inﬂated tyre when the tyre deformation stabilized after
application of the inﬂation pressure. The rigid wheel rim was ﬁxed, and the tyre was not
in contact with the road. Subsequent eigenvalue extraction was conducted at the instant
when tyre approached steady-state deﬂection following application of the vertical load to
obtain natural frequencies of the loaded tyre. Finally, the eigen-frequencies of the rolling
tyre were obtained through execution of the third eigenvalue extraction, when the loaded
tyre was freely rolling at a steady-state angular speed. In these analyses, the inﬂation
pressure, vertical load and rolling speed were chosen as 758 kPa, 26.7 kN and 50 km/h,
respectively. The static and dynamic friction coeﬃcients were assumed as 0.8 and 0.75,
respectively, and a damping ratio of 5% was considered. The predicted natural frequencies
and the corresponding mode shapes are presented and discussed in this section, while
the similar mode shapes obtained for the inﬂated, deﬂected and rolling cases, whenever
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observed, are compared together.
Figure 3.4(a) illustrates the ﬁrst (lowest) vertical vibration mode extracted from the
deﬂected tyre (denoted as Hop) at 17.85 Hz, which reﬂects hopping motions of the tyre
along the vertical direction. This frequency is comparable to the frequency of 19.6 Hz
observed from the drop test simulation. This mode was not detected from the inﬂated tyre
model responses due to lack of contact with the road. Ford and Charles [201] predicted
this vibration mode for a non-rolling 285/75R24.5 truck tyre near 16 Hz from the drop
test simulation using NASTRAN. Kao [212] predicted this mode at 20 Hz for a non-rolling
P215/70R15 car tyre under 207 kPa inﬂation pressure and 3.45 kN vertical load using
NASTRAN. The rolling tyre, however, exhibited this mode at a relatively lower frequency
of 15.83 Hz, as shown in Figure 3.4(b). This can be justiﬁed by the fact that the rolling
dynamic stiﬀness of tyres is somewhat (nearly 5%) lower than their static (non-rolling)
stiﬀness along the vertical direction, as reported by Ford and Charles [201]. Moreover,
Scavuzzo [202] used a tyre test rig to conduct modal analysis on a P205/70R14 car tyre
under 207 kPa inﬂation pressure and 4.89 kN normal load and observed a reduction in
natural frequency from 19 Hz to 18 Hz between the stationary tyre and the rolling tyre
at 8 km/h speed. Burke [123] also conducted modal analysis on a 195/65R15 car tyre
subjected to 193 kPa inﬂation pressure and 3.33 kN hub load using MSC/NASTRAN and
reported a drop in frequency from 17.75 Hz to 15.7 Hz between the static and the rolling
(a) Loaded: 17.85 Hz (b) Rolling: 15.83 Hz
Figure 3.4: First vertical mode (Hop) observed for the (a) loaded tyre; and (b) loaded and
rolling tyre, suggesting hop motion of the tyre along the vertical direction
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tyre at 10 km/h speed.
The ﬁrst lateral deﬂection mode of the inﬂated tyre model (denoted as Tran-Y) is
observed at the natural frequency of 42.39 Hz, which reveals translational motion of the
tyre along the transverse direction (designated as Y-axis), as shown in Figure 3.5(a). Such
an out-of-plane mode can only be detected by a 3-D tyre model, and would be ignored by the
physical in-plane tyre models using the ring on elastic foundation concept [121, 122, 128].
This natural frequency is in agreement with that predicted by Zhang [13] at 42.11 Hz via
modal analysis of a 12.5R22.5 truck tyre inﬂated at 690.3 kPa using ANSYS. The loaded
tyre, however, showed this lateral mode shape at a slightly higher frequency of 45.21 Hz, as
illustrated in Figure 3.5(b), which is attributed to an increase in the lateral stiﬀness of the
loaded tyre model promoting the frictional contact force in the lateral direction. Scavuzzo
[202] measured the same vibration mode for a 285/75R24.5 truck tyre as 48 Hz. Further,
Burke [123] predicted this deﬂection mode at 43.76 Hz for a 195/65R15 car tyre subjected
to 193 kPa inﬂation pressure and 3.33 kN normal load. The same for the rolling tyre was
obtained at 44.93 Hz (Figure 3.5(c)), which is similar to that of the loaded tyre, suggesting
that rolling has only minimal eﬀect on the lateral stiﬀness.
(a) Inﬂated: 42.39 Hz (b) Loaded: 45.21 Hz (c) Rolling: 44.93 Hz
Figure 3.5: First lateral mode (Tran-Y) of the (a) inﬂated tyre; (b) loaded tyre; and (c)
rolling tyre, revealing translational motion of the tyre along the transverse direction
The ﬁrst torsional deﬂection mode of the inﬂated tyre (denoted as Rot-Y) was observed
at 43.83 Hz, while revealed rotational oscillations of the tyre about the wheel axle, as
illustrated in Figure 3.6(a). This natural frequency is in agreement with the torsional
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(a) Inﬂated: 43.83 Hz (b) Loaded: 49.47 Hz (c) Rolling: 26.35 Hz
Figure 3.6: First torsional mode (Rot-Y) of the (a) inﬂated tyre; (b) loaded tyre; and (c)
rolling tyre, revealing rotational oscillations of the tyre about the wheel axle
mode frequencies reported by Ford and Charles [201], Palmer [124] and Zhang [13] at 43,
44 and 45.12 Hz, respectively, although the studies employed diﬀerent simulation platforms
and diﬀerent truck tyres subjected to nominal operating inﬂation pressures. This frequency,
however, increased to 49.47 Hz for loaded tyre due to increase in the vertical tyre stiﬀness,
as shown in Figure 3.6(b). Kerchman [135] extracted this vibration mode at 47.8 Hz
from modal analysis of a non-rolling P205/75R15 car tyre subjected to 240 kPa inﬂation
pressure and 4.45 kN normal load using ABAQUS. This mode for the rolling tyre at 50
km/h, shown in Figure 3.6(c), was observed at a substantially lower frequency of 26.35 Hz,
which is largest change observed between the deﬂected (static) and rolling cases among
all the extracted vibration modes. Such a large reduction in the natural frequency can
be attributed to relaxation in stresses in the contact patch of the rotating tyre leading
to considerable decline in tyre dynamic stiﬀness. Burke [123] also reported a considerable
reduction in this mode frequency from 56.3 Hz for the static case to 49.3 Hz for the rolling
tyre at a speed of 40 km/h for a 195/65R15 car tyre.
The rotational vibration modes about the Z-axis (denoted as Rot-Z) were observed at
49.50, 50.84 and 49.88 Hz for the inﬂated, deﬂected and rolling cases, respectively, which
revealed dominant rotational oscillations of the tyre about the vertical axis, as shown in
Figure 3.7. Zhang [13] predicted this mode at 47 Hz for a free non-contacting truck tyre
inﬂated at 690.3 kPa.
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(a) Inﬂated: 49.50 Hz (b) Loaded: 50.84 Hz (c) Rolling: 49.88 Hz
Figure 3.7: Twisting mode (Rot-Z) obtained for the (a) inﬂated tyre; (b) loaded tyre; and
(c) rolling tyre, revealing rotational oscillations about the vertical (Z) axis
Figure 3.8 depicts mode shapes (denoted as Expan-Comp) at 54.91, 62.93 and 61.54
Hz for the inﬂated, deﬂected and rolling tyres, respectively, which reﬂects a vibrational
motion causing the expansion of nearly one half of the tyre and compression of the other
half. These frequencies are comparable to the dominant frequency of 59.5 Hz derived
from the cleat-drum test. Zhang [13] predicted this natural frequency for an inﬂated non-
contacting truck tyre at 57.6 Hz, while Palmer [124] predicted it as 67.87 Hz for an inﬂated
and deﬂected but non-rolling truck tyre.
(a) Inﬂated: 54.91 Hz (b) Loaded: 62.93 Hz (c) Rolling: 61.54 Hz
Figure 3.8: Expansion/compression (Expan-Comp) mode obtained for the (a) inﬂated
tyre; (b) deﬂected tyre; and (c) rolling tyre, revealing expansion of one half of the tyre and
compression of the other half
The results showed presence of conjugate pair modes at the higher frequencies. These
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were observed at 72.15 Hz for the inﬂated tyre, as shown in Figure 3.9(a) and 3.9(d).
The resulting in-plane modes (denoted as Oval-Diag and Oval) revealed an oval form
resulting from extensions in opposite directions along a central axis in the wheel plane
and compressions along the perpendicular axis. The loaded tyre, however, reﬂected these
modes at two diﬀerent frequencies of 70.11 and 76.97 Hz, one being lower and the other
greater than 72.15 Hz, as shown in Figures 3.9(b) and 3.9(e). The diﬀerence in the natural
frequencies of these two vibration patterns is attributed to the eﬀect of contact boundary
condition in conjunction with application of the vertical load which likely causes diﬀerent
degrees of variations in the stiﬀness and hence the natural frequency for the tyre vibrations
along vertical and diagonal directions. Shiraishi [125] also observed similar conjugate pair
modes for a 195/65R15 car tyre inﬂated at 200 kPa and deﬂected under a 4.41 kN normal
(a) Inﬂated: 72.15 Hz (b) Loaded: 70.11 Hz (c) Rolling: 69.86 Hz
(d) Inﬂated: 72.15 Hz (e) Loaded: 76.97 Hz (f) Rolling: 76.79 Hz
Figure 3.9: Oval mode shapes (Oval-Diag and Oval) observed for the (a,d) inﬂated tyre;
(b,e) deﬂected tyre; and (c,f) rolling tyre, revealing extensions in opposite directions along
a central axis and compressions along the orthogonal directions
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load using LS-DYNA. The study revealed vertical and diagonal oval mode shapes at two
diﬀerent frequencies of 78.5 and 72.2 Hz, respectively. Natural frequencies of 69.86 and
76.79 Hz were also extracted for this pair of conjugate modes for the case of the rolling
tyre, as demonstrated in Figures 3.9(c) and 3.9(f), which are slightly lower than those of
the deﬂected tyre. These frequencies are comparable to the dominant frequency of 72.3
Hz derived from the cleat-drum test as the second free vertical vibration mode of the tyre.
Chae [12] also observed a dominant frequency at 73 Hz for a 295/75R22.5 truck tyre rolling
at 50 km/h via a cleat-drum test simulation using PAM-CRASH. Moreover, Burke [123]
obtained this mode shape at 75.01 Hz for a 195/65R15 car tyre deﬂected under 3.33 kN
normal load. Further, Kao [212] obtained this vertical vibration mode at 69.71 Hz using a
FE model of a P205/65R15 car tyre subjected to 207 kPa inﬂation pressure.
As shown in Figures 3.10(a) and 3.10(d), a pair of conjugate mode shapes with a
complex out-of-plane deformation pattern (denoted as Twist and Twist-Diag) were observed
for the inﬂated tyre at the natural frequency of 75.75 Hz. Whereas, the loaded tyre revealed
these modes at diﬀerent frequencies of 66.60 and 78.03 Hz, as seen in Figures 3.10(b) and
3.10(e). In these modes, the tyre exhibited a twisting vibrational motion, where the two
opposite halves of the tyre moved outwards from the tyre plane and the other two opposite
halves displaced backwards out of the tyre plane. The rolling tyre, however, exhibited
these modes at the natural frequencies of 63.02 and 75.94 Hz, as shown in Figures 3.10(c)
and 3.10(f), which are lower than those related to the deﬂected tyre. Zhang [13] predicted
the natural frequency corresponding to this out-of-plane mode shape as 67.3 Hz for a
non-rolling truck tyre inﬂated at 690.3 kPa.
As shown in Figure 3.11(a), an additional vertical mode (denoted as Oval-Extra) at
frequency of 82.33 was observed for the deﬂected tyre. This mode was not observed for
the inﬂated tyre, due to lack of contact with the road. This mode for the rolling tyre was
observed at the natural frequency of 79.19 Hz, which is lower than that of the deﬂected tyre,
as demonstrated in Figure 3.11(b). Scavuzzo [202] also measured the natural frequency
corresponding to this mode for a P205/70R14 car tyre subjected to 207 kPa inﬂation
pressure and 4.89 kN vertical load, and reported a reduction from 84 to 80 Hz between
the deﬂected tyre (static) and the rolling tyre at a speed of 8 km/h. These frequencies are
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(a) Inﬂated: 75.75 Hz (b) Loaded: 66.60 Hz (c) Rolling: 63.02 Hz
(d) Inﬂated: 75.75 Hz (e) Loaded: 78.03 Hz (f) Rolling: 75.94 Hz
Figure 3.10: Twisting mode shapes (Twist and Twist-Diag) observed for the (a,d) inﬂated
tyre; (b,e) deﬂected tyre; and (c,f) rolling tyre, resulting from a complex out-of-plane
twisting motion
(a) Loaded: 82.33 Hz (b) Rolling: 79.19 Hz
Figure 3.11: An additional vertical mode (Oval-Extra) observed for the (a) deﬂected tyre;
and (b) rolling tyre
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comparable to the dominant frequency of 93.3 Hz derived from the FFT analysis in the
cleat-drum test, and are considered as the third free vertical vibration mode of the tyre.
Moreover, Palmer [124] computed vertical vibration modes at 81.1 and 94.7 Hz for a truck
tyre using LS-DYNA. Similarly, Ford and Charles [201] reported this mode at 83 Hz for
a 285/75R24.5 truck tyre. Kao [75] obtained this mode at 85 Hz for a P205/65R15 car
tyre under 220 kPa inﬂation pressure, 4 kN load and 48.28 km/h rotational speed using
LS-DYNA.
At the frequency of 91.69 Hz, the inﬂated tyre revealed a pair of conjugate modes
with corner-rounded triangular shapes (denoted as Tri-Diag and Tri), as illustrated in
Figures 3.12(a) and 3.12(d). Whereas, for the loaded tyre, these in-plane vibration modes
were obtained at diﬀerent frequencies of 90.59 and 102.25 Hz, as seen in Figures 3.12(b)
and 3.12(e). The rolling tyre, however, revealed this pair of conjugate modes at lower
(a) Inﬂated: 91.69 Hz (b) Loaded: 90.59 Hz (c) Rolling: 89.81 Hz
(d) Inﬂated: 91.69 Hz (e) Loaded: 102.25 Hz (f) Rolling: 99.09 Hz
Figure 3.12: Triangular deﬂection modes (Tri-Diag and Tri) of the (a,d) inﬂated tyre; (b,e)
deﬂected tyre; and (c,f) rolling tyre
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frequencies of 89.81 and 99.09 Hz compared to those of the deﬂected tyre, as demonstrated
in Figures 3.12(c) and 3.12(f). Zhang [13] and Palmer [124] predicted the natural frequency
related to this triangular mode shape as 98.94 and 113.3 Hz, respectively, for a non-rolling
truck tyre. Burke [123] also obtained this vibration mode at 97.55, 94.78 and 91.85 Hz for
a 195/65R15 car tyre while rolling at 10, 40 and 70 km/h, respectively.
At the frequency of 110.29 Hz, the inﬂated tyre revealed a complex out-of-plane de-
ﬂection mode (denoted as Toroidal and Toroidal-Diag), causing twisting oscillations of the
tyre along the toroidal centerline, as shown in Figures 3.13(a) and 3.13(d). While, the
loaded tyre experienced the same deﬂection pattern at frequencies of 100.93 and 112.20
Hz. Relatively lower frequencies of 90.98 and 109.93 Hz of this pair of modes were ob-
served for the rolling tyre. Zhang [13] estimated the frequency of this mode at 97.62 Hz
(a) Inﬂated: 110.29 Hz (b) Loaded: 100.93 Hz (c) Rolling: 90.98 Hz
(d) Inﬂated: 110.29 Hz (e) Loaded: 112.20 Hz (f) Rolling: 109.93 Hz
Figure 3.13: Complex out-of-plane deﬂection modes (Toroidal and Toroidal-Diag), of the
(a,d) inﬂated tyre; (b,e) deﬂected tyre; and (c,f) rolling tyre, showing twisting oscillations
of the tyre along the toroidal centerline
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and reported it as the most complicated mode shape among all the modes they considered.
Figures 3.14(a) and 3.14(d) illustrate a pair of conjugate modes with quadric shapes
of the inﬂated tyre (denoted as Quad and Quad-Diag) at the frequency of 112.65 Hz. The
loaded tyre, however, revealed the quadric modes at frequencies of 110.25 and 122.26 Hz,
as illustrated in Figures 3.14(b) and 3.14(e). Relatively lower frequencies of 106.14 and
110.27 Hz were observed for the rolling tyre, as demonstrated in Figures 3.14(c) and 3.14(f).
Zhang [13] and Palmer [124] predicted the natural frequency related to this quadric mode
as 110.86 and 128.9 Hz, respectively, for non-rolling truck tyres. Zegelaar [122] measured
this quadric mode for a normally inﬂated car tyre at 115.9 Hz. Adding ground contact,
however, this frequency was diverged into two distinctive frequencies of 112.3 and 125.7
Hz for the deﬂected tyre under 4 kN load.
(a) Inﬂated: 112.65 Hz (b) Loaded: 110.25 Hz (c) Rolling: 106.14 Hz
(d) Inﬂated: 112.65 Hz (e) Loaded: 122.26 Hz (f) Rolling: 110.27 Hz
Figure 3.14: Quadric mode shapes (Quad and Quad-Diag) of the (a,d) inﬂated tyre; (b,e)
deﬂected tyre; and (c,f) rolling tyre
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3.5 Inﬂuences of operating parameters on tyre modal
properties
The deﬂection modes of the tyre are strongly aﬀected by a number of operating and
design parameters. In this study, the inﬂuences of variations in inﬂation pressure, normal
load, and rolling speed on the natural frequencies and deﬂection modes are evaluated
considering the three cases: inﬂated, deﬂected and rolling tyre models.
3.5.1 Inﬂation pressure
The eigenvalue analyses were repeated for the inﬂated tyre model considering diﬀerent
inﬂation pressures, ranging from 483 to 1034 kPa (70 to 150 psi). The results revealed
signiﬁcant eﬀects of inﬂation pressure on the natural frequencies corresponding to the in-
plane and out-of-plane modes of the inﬂated tyre, as seen in Figures 3.15(a) and 3.15(b).
It is seen that all the in-plane and out-of-plane mode frequencies increase with increase in
the inﬂation pressure. The observed changes are attributed to the strong dependence of
the tyre stiﬀness and hence the natural frequencies on the inﬂation pressure. The results
also suggest nearly linear variations in the natural frequencies with the inﬂation pressure
within the range considered in the study. The rate of changes of the natural frequencies






















































Figure 3.15: Inﬂuences of inﬂation pressure on natural frequencies corresponding to (a)
in-plane; and (b) out-of-plane modes
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with respect to the inﬂation pressure, however, tend to be higher for the higher modes
than the lower modes. For instance, increasing the inﬂation pressure from 483 to 1034
kPa, revealed an increase in the highest mode natural frequency, denoted as Quad, of 30.8
Hz, which is substantially higher than 13.4 Hz observed for the lowest mode (Tran-Y).
Burke [123] also investigated the eﬀect of inﬂation pressure on natural frequencies of a
195/65R15 car tyre via experiments and simulations, and reported a dramatic increase in
the natural frequencies with increase in the inﬂation pressure.
3.5.2 Normal load
The inﬂuences of normal load on the natural frequencies corresponding to the in-plane
and out-of-plane modes are evaluated considering load variations in the range of 8.9 to 44.5
kN (2000 to 10000 lb), while the inﬂation pressure was held as 758 kPa. The vertical load
was applied directly as an external force to the center of the wheel rim without adding any
extra mass to the system. Figures 3.16(a) and 3.16(b) illustrate the inﬂuence of variations
in the normal load on diﬀerent in-plane and out-of-plane natural frequencies of the deﬂected



























































Figure 3.16: Inﬂuences of vertical load on natural frequencies corresponding to (a) in-plane;
and (b) out-of-plane modes of a deﬂected tyre under 758 kPa inﬂation pressure
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tyre. The results suggest varying eﬀects of normal load on deﬂection modes. For the in-
plane modes denoted as Tri-Diag and Quad as well as for the out-of-plane modes denoted
as Twist and Toroidal, the natural frequencies tend to increase with increase in the vertical
load in the lower range but saturate with further growth in the vertical load. The highest
in-plane mode frequency (denotes as Quad-Diag) increased signiﬁcantly and nonlinearly
with increasing normal load. It can be concluded that the tyre deﬂection can aﬀect the
tyre natural frequencies related to higher modes of vibration, while the eﬀect on most of
the natural frequencies is very small, particularly those related to the lower modes. Burke
[123] also reported slight increase in the frequencies with increase in the hub load for a
stationary car tyre under 193 kPa inﬂation pressure. Huang [120] investigated the eﬀect of
ground contact on tyre vibrations using a theoretical approach based on the ring on elastic
foundation concept and showed that the tyre natural frequencies in ground contact were
higher than those of the non-contacting tyre.
3.5.3 Rolling speed
The inﬂuence of rolling speed on the in-plane and out-of-plane mode frequencies are
evaluated for the rolling tyre. The inﬂation pressure and the normal load are held to their
respective nominal values, 758 kPa and 26.7 kN. All the in-plane and out-of-plane natural
frequencies, in general, decreased with increase in the rolling speed, as shown by Figures
3.17(a) and 3.17(b). This is due to reduction in the dynamic tyre stiﬀness with increase
in the speed. The most substantial change is observed in the frequency corresponding to
the in-plane mode, denoted as Rot-Y, as seen in Figure 3.17(a), which is perhaps the most
important deﬂection mode shape concerning tyre rotation about its axle. The natural
frequency corresponding to this mode decreased sharply by 41.2% from the static case,
when the speed increased to 5 km/h. A further increase in the speed resulted in additional
reduction in the natural frequency, but very small. For example, increasing the speed
from 5 to 10 km/h resulted in only 2.4% further reduction in this mode frequency. Such a
substantial reduction at the onset of rolling is attributed to the fact that dynamic motion of
the tyre enables it to relieve the stresses developed in the footprint, which results in a rapid
drop in the tyre stiﬀness and hence the natural frequency corresponding to the rotational
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Figure 3.17: Inﬂuences of speed on natural frequencies corresponding to (a) in-plane; and
(b) out-of-plane modes of a rolling tyre under 758 kPa inﬂation pressure and 26.7 kN load
mode shape (Rot-Y). This suggests that the rotational motion of the tyre is the key factor
in reducing the dynamic stiﬀness of the tyre, while the magnitude of the rotational speed
is the secondary factor. Burke and Olatunbosun [123], also performed modal analyses on
a 195/65R15 car tyre over a range of speeds and observed that the tyre rotation caused a
considerable decline in the natural frequency from 56.3 Hz for the static case to 50.35 Hz
for the rolling tyre at 10 km/h speed. Further increase in the speed to 70 km/h resulted
in only a slight reduction in the frequency to 49.3 Hz. Kindt [115] measured the vibration
responses of a rolling 205/55R16 tyre using a laser Doppler vibrometer in a tyre-on-tyre
test set-up and observed a signiﬁcant drop in the tyre response frequencies at the onset
of rolling. The in-plane mode Quad-Diag as well as the out-of-plane mode Toroidal also
exhibited considerable reductions in the corresponding natural frequency with increase in




A virtual tyre simulation platform was developed to investigate vibration modes of
a rolling truck tyre subjected to inﬂation pressure and vertical deﬂection due to normal
load. The study of the eﬀects of loading and boundary conditions on the vibration modes
necessitated consideration of the inﬂated and deﬂected rolling tyre as a pre-stressed struc-
ture. The stress ﬁeld of the rolling tyre under inﬂation pressure and vertical load could
be eﬀectively evaluated through explicit dynamic analyses. The implicit eigensolver could
then be employed to conduct modal analyses of the pre-stressed tyre due to applied inﬂa-
tion, normal load and the speed. It is shown that modal behavior of the tyre subjected to
inﬂation, normal load and the rolling speed could be evaluated in a sequential manner at
instants the tyre approaches steady responses under each loading. The results showed that
increasing the tyre inﬂation pressure substantially increases its natural frequencies, which
suggests the importance of the inﬂation pressure as a key factor governing the stiﬀness of
a pneumatic tyre and hence its dynamic performance. It was observed that the identical
conjugate mode natural frequencies extracted for the inﬂated tyre diverged to two diﬀer-
ent frequencies for the deﬂected tyre, with one being lower and the other higher than the
identical frequencies of the inﬂated tyre. The rolling tyre also revealed same phenomenon
with somewhat lower frequencies. It was demonstrated that for a deﬂected tyre under
direct application of an external vertical hub load, increasing the amount of load resulted
in slight increase in most of the natural frequencies except for a few higher modes. The
natural frequencies corresponding to these higher modes increased with increasing load but
approached saturation with further increase in the load. The rotational motion of the tyre
resulted in a most dramatic reduction in the tyre stiﬀness and hence the natural frequencies
compared to those of the non-rolling tyre. Increasing the rolling speed, however, caused
only smaller further reductions in the natural frequencies.
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Chapter 4
Development of a Computationally
Eﬃcient Rolling Truck Tyre Model
using Part-Composite Approach and its
Veriﬁcation
4.1 Introduction
Developments in reliable and computationally eﬃcient tyre modeling continues to be
of signiﬁcant importance for design and developments of vehicle systems. Widely diﬀer-
ent mathematical and structural models with varying complexities have evolved for pre-
dicting dynamic responses of pneumatic tyres. Mathematical tyre models employ either
phenomenon-based [2, 6365] or physics-based [1, 3, 51, 62, 67, 213219] approaches to
formulate contact forces and moments in terms of tyre deformations/slips, ground sur-
face proﬁle, axle load, speed and other operating parameters. These models could provide
eﬃcient predictions of tyre dynamic responses for applications in multi-body simulation
models for vehicle ride [65, 214, 218] and handling [63, 67, 215, 217] performance evalu-
ations. The accuracy of these models, however, strongly relies on a number of regression
coeﬃcients or physical parameters describing equivalent inertia, stiﬀness and damping
properties, which are generally identiﬁed through experiments [6, 7]. Such mathematical
models, however, do not directly consider the contributions due to tyre complex structure
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and material properties, and thus cannot provide guidance towards design of pneumatic
tyres.
Alternatively, a vast number of structural models have been proposed for the purpose
of tyre design and developments. Structural tyre models, developed using ﬁnite element
methods, permit consideration of the complex geometric details in tyre structure as well as
anisotropies and nonlinearities associated with tyre material properties. In these studies,
the multi-layered composite structure of the tyre has been described using widely diﬀerent
methods. Earlier studies have taken advantage of axisymmetry in tyre geometry and sim-
pliﬁed the tyre construction as a thin shell of revolution [117, 127] or a toroidal membrane
[119] to achieve greater computational eﬃciency. Although these studies could take into
account the contributions due to geometric nonlinearities [119] and material anisotropies
[117] of the tyre structure, their applications were limited to approximations of the tyre
dynamic responses under axisymmetric loading situations such as inﬂation pressure and
centrifugal forces.
Three-dimensional (3-D) representations of the tyre structure, however, are vital for
analyses considering ground contact loading, rolling and side-slip. A number of studies
have considered the tyre as an inﬂated 3-D airbag made of a single layer of membrane
elements with equivalent orthotropic material properties. These models have been em-
ployed for durability [80], cornering [82] and vehicle crash simulations [79] with moder-
ate computational demand. A number of comprehensive tyre models have been devel-
oped considering the multi-layered composite structure of the tyre using diﬀerent methods
[10, 32, 78, 92, 96, 108, 109, 190, 206]. The discrete reinforcement technique has been
commonly adopted in many structural tyre models [10, 12, 32, 109]. In this technique, the
multiple layers of the carcass and belt structures are described such that the rubber ma-
trix is represented using 3-D solid elements with hyper-elastic rubber material properties,
while the reinforcements are discretely modeled via shell elements with orthotropic mate-
rial properties [10]. The approach permits analyses of stresses within and between diﬀerent
layers for fatigue life and durability enhancements via minimizing the inter-layer stresses
[10, 14, 83]. Moreover, the geometric and material properties of the rubber compound and
twisted cords can be incorporated in the equivalent orthotropic material properties of the
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ﬁber-reinforced layers using the rule of mixtures for composite materials [10, 32, 196, 197].
Alternatively, the reinforcing ﬁbers in the carcass and belt layers may be independently
modeled using beam elements coupled to the isotropic elastic shell elements representing
the rubber matrix via shared nodes [98]. This method thus permits consideration of ma-
terial properties of ﬁbers and analyses of stresses/strains developed within the ﬁbers apart
from the rubber matrix [98].
The detailed structure models yield reliable predictions of tyre dynamic responses,
but impose excessive computational demands. The application of such models thus pose
complex computational challenges in situations involving repeated simulations such as
design parameter analyses, particularly for the rolling tyre [97]. Moreover, the majority of
the structural tyre models have been limited to static analyses of stationary tyres subjected
to inﬂation and footprint loads [8587]. Hall et al. [15, 195] reported CPU time of nearly
8 days for a 0.4 s real time force-deﬂection simulation in LS-DYNA on a Sun Ultra 60,
360 MHz workstation. The simulation time could exceed 70 days for a 10 s free-rolling
simulation of the tyre model on a Sun Blade 1000, 750 MHz workstation. Such unreasonable
computational demands limit the applications of comprehensive structural tyre models in
vehicle dynamics analyses, and tyre design and optimization. Considerable eﬀorts are thus
being attempted for development of computationally eﬃcient yet accurate tyre models.
Chae et al. [11, 92] proposed an eﬃcient approach for modeling the carcass and belt
structures in a truck tyre using a three-layered membrane element in PAM-CRASH. The
carcass and belt plies with radial and circumferential cords, respectively, were described
by two layers with orthotropic material properties, while the rubber matrix with isotropic
properties was represented by a third layer. The three-layered membrane element, however,
is not suﬃcient for simulating the eﬀect of belt cord angle, β, on the tyre responses. While
a single layer could eﬀectively represent the belt with circumferential cords, a minimum
of two layers would be essential to represent the belt plies with ±β cord angles. This
methodology, however, has been commonly utilized in several studies focusing on transient
response analyses of truck tyres using PAM-CRASH [12, 2426, 94, 96]. Slade [95] used
this approach for simulating the responses of a truck tyre rolling on deformable terrains,
which could serve as a virtual test platform for parameterization of an oﬀ-road rigid-ring
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tyre model. Lescoe [37] enhanced the soil model proposed by Slade [95] using mesh-
less methods in PAM-CRASH and investigated the tyre interactions with soft terrains.
Owing to additional computational demand imposed by the soil model, the majority of the
studies on tyre-soil interactions have considered the tyre as a rigid body so as to limit the
computing time [25, 28, 29, 110, 111]. The aforementioned studies suggest the desire for a
simpliﬁed but representative tyre model that can be eﬀectively integrated into the design
and development process of truck tyres with reasonable computational demand, and for
analyses of tyre-soil interactions.
In this study, a simpliﬁed model of a rolling truck tyre is proposed in order to achieve
enhanced computational eﬃciency, while maintaining suﬃcient accuracy for predicting the
dynamic responses of the tyre in a virtual testing system. The simpliﬁed model is developed
on the basis of a comprehensive validated tyre model, where the rubber matrix and the
composite reinforcements in the carcass and belt structures are represented using individual
solid and shell elements. Using the Part-Composite approach in LS-DYNA, all the layers
in the carcass and belt structures are lumped together as a single composite part made of
shell elements with multi-layered conﬁguration, which resulted in considerable reduction
in the total number of elements in the tyre model. The reduced model employed material
properties, thicknesses and ﬁber orientations identical to those speciﬁed for the individual
layers of the comprehensive model. The vertical force-deﬂection, cornering force/moment
and modal characteristics of the reduced model are compared with those predicted by the
comprehensive tyre model as well as with the reported experimental data to demonstrate
its validity.
4.2 Simpliﬁed ﬁnite element tyre model
4.2.1 Tyre structure model
A ﬁnite element model of a rolling truck tyre is implemented based on simpliﬁcations
of a recently reported comprehensive tyre model using LS-DYNA, which was thoroughly
validated considering the reported experimental data [109, 190]. Figure 4.1(a) illustrates
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the ﬁnite element mesh considered for the cross-section of the comprehensive tyre model
representing a 295/75R22.5 radial-ply truck tyre. The model contains a detailed repre-
sentation of the multi-layered tyre structure including the carcass, belts, tread and bead
ﬁllers [109]. The tread and bead ﬁllers are represented by solid elements with hyper-elastic
rubber material properties. The rubber matrix and the reinforcing ﬁbers in the carcass
and belts are separately modeled via multiple individual layers of isotropic solid and or-
thotropic shell elements, respectively, which are fully bonded through shared nodes. Figure
4.1(b) shows the carcass and belt layers in the comprehensive tyre model. The sidewalls,
denoted by regions 1 to 9 in Figure 4.1(a), are formulated by two layers of solid rubber
elements, which are reinforced by three layers of orthotropic shell elements with radial
cords. The crown area, denoted as regions 10 to 14 in Figure 4.1(a), consists of two layers
of solid rubber elements. The upper layer accounts for the belt rubber matrix, which is
enclosed by two layers of reinforcing shell elements of orthotropic materials with ±22◦ cord
angles with respect to the tyre circumferential centerline. The lower layer represents the
carcass rubber matrix below the belt, which is reinforced by a layer of orthotropic shell
elements with radial cords [109]. The comprehensive model could yield accurate predic-
tions for the dynamic responses of the truck tyre as compared to the reported experimental
(a) (b)
Figure 4.1: (a) The tyre cross-section; and (b) the multi-layered composite structures of
the carcass and belt in the comprehensive tyre model [109]
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data [109, 190]. However, modeling diﬀerent layers in the carcass and belt constructions
with individual ﬁnite elements resulted in a large number of elements and thus substantial
computational demand. For instance, a computing time of nearly 4 hours was measured
for a 0.2 s real-time force-deﬂection test simulation, which exceeded 16 hours for a 1.0 s
cornering force test simulation using an Intel Xenon processor of 3.2 GHz speed. Such
computational demands would likely make the comprehensive model ineﬃcient to be used
in a virtual tyre testing environment. The simpliﬁcation of such a tyre model is thus de-
sirable, while still representing the multi-layered structure of the carcass and belts with
suﬃcient accuracy.
The proposed simpliﬁcation is based on reducing the number of ﬁnite elements via con-
densing the stack of individual solid and shell elements representing the carcass and belts
into a single shell element with multi-layered composite conﬁguration. This is achieved
using the Part-Composite approach in LS-DYNA. Figure 4.2(a) shows the reduced cross-
section mesh assumed for the simpliﬁed tyre model. Only the carcass and belts, having
multi-layered composite structures, are involved in this simpliﬁcation, while the tread and
bead ﬁllers are again represented by solid elements of rubber materials identical to that in
the comprehensive model. Figure 4.2(b) illustrates the proposed structure for the simpliﬁed
(a) (b)
Figure 4.2: (a) The tyre cross-section; and (b) the reduced structure proposed for the
carcass and belts in the simpliﬁed tyre model
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tyre model, where all the individual layers of solid and shell elements representing the belt
and carcass structures are reduced into a single part made of shell elements with layered
conﬁguration using the PART_COMPOSITE approach in LS-DYNA [107]. In this approach,
a stack of plies can be conﬁgured within a single shell element, while the eﬀects of changes
in material, thickness and cord angle properties in diﬀerent layers are incorporated via
selecting pertinent integration points through the thickness of the layered element.
Table 4.1 summarizes the material models, thicknesses and ﬁber orientations deﬁned
for diﬀerent layers of the carcass and belt structures in the simpliﬁed model, which are
identical to those deﬁned for the comprehensive tyre model so as to facilitate assessments
of validity of the simpliﬁed model. Regions 1 to 9 in Figure 4.2(a), representing the
tyre sidewall structure, are described by a single layer of shell elements with a layered
conﬁguration comprising two layers of isotropic elastic material for the rubber matrix
mixed with three layers of orthotropic material for the ﬁber-composite reinforcements with
radial cords. Similarly, the regions 10 to 14 in Figure 4.2(a), representing the tyre crown,
are considered as a single layer of shell elements with a layered composition consisting of
two layers of isotropic material for the rubber matrix, one for the carcass and the other
for the belt. The belt rubber matrix is reinforced by two layers of orthotropic materials
with ±22◦ cord angles with respect to the tyre circumferential centerline, while the carcass
rubber matrix is also reinforced by a layer of orthotropic material with radial cords.
Similar to the detailed tyre model [109], the 3-D mesh for the simpliﬁed model is
generated by spinning the cross-section mesh about the tyre axis in equal increments. By
reducing the spinning increment, a ﬁner mesh is formed for the outer circumferential re-
gions, directly subjected to ground contact. Table 4.2 compares the number of elements
used in diﬀerent components of the simpliﬁed tyre model with the comprehensive tyre
model, while considering a ﬁnite element mesh of 96 sectors with 192 divisions for the
reﬁned circumferential region. It is evident that the reduced model comprises fewer ele-
ments (80% reduction) in the carcass and belt structures. The number of solid elements
representing the tread and bead ﬁllers, however, remains the same as these parts have no
layered composite nature and thus are not included in the simpliﬁcation process. This
resulted in 63.5% reduction in the total number of elements for the simpliﬁed tyre model
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Table 4.1: Multi-layered conﬁguration considered in the simpliﬁed tyre model
Sidewall structure (regions 1 to 9 in Figure 4.2(a))
Layer Material Thickness Cord angle
Carcass Reinforcement Orthotropic 0.33 mm 90◦
Carcass Rubber Isotropic 4.00 mm 
Carcass Reinforcement Orthotropic 0.33 mm 90◦
Carcass Rubber Isotropic 4.00 mm 
Carcass Reinforcement Orthotropic 0.33 mm 90◦
Belt structure (regions 10 to 14 in Figure 4.2(a))
Layer Material Thickness Cord angle
Belt Reinforcement Orthotropic 1.50 mm +22◦
Belt Rubber Isotropic 4.00 mm 
Belt Reinforcement Orthotropic 1.50 mm −22◦
Carcass Rubber Isotropic 4.00 mm 
Carcass Reinforcement Orthotropic 1.00 mm 90◦
compared to the comprehensive tyre model having a total of 24192 elements. The tyre
mesh is subsequently coupled to the rigid rim via shared nodes as in the case of the com-
prehensive model. The beads are thus not necessary to be included in the model. Further,
the road is assumed as a ﬂat surface made of rigid shell elements.
Table 4.2: Comparisons of the number of elements used in the simpliﬁed and comprehensive
[109] truck tyre models
Component Comprehensive model [109] Simpliﬁed model Reduction
Carcass and belt 11520 (shell) and 7680 (solid) 3840 (shell) 80.0%
Tread and bead ﬁllers 4992 (solid) 4992 (solid) 
Total 24192 (element) 8832 (element) 63.5%
4.2.2 Material constitutive models and properties
The material constitutive types and properties of the simpliﬁed tyre model are chosen
identical to those deﬁned for the comprehensive model [109]. The elastic material model is
selected for solid elements representing the rubber matrix in the carcass and belt structures,
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which is available in the LS-DYNA material library (type 1) [104]. The elastic properties of
rubber are chosen from the data reported in [198]. The composite material model (type 22)
[104] is used for the shell elements describing the ﬁber-reinforced layers. The orthotropic
material properties of the cord-rubber compounds are derived based on the geometric
and material properties of the rubber and twisted cords using the Halpin-Tsai equations
[196, 197], and reported in [109]. These properties are deﬁned in the cord axes system,
and the orientation of the cords with respect to the element axes system is speciﬁed via
deﬁning a cord angle. The Mooney-Rivlin rubber material model (type 27) is used for the
solid elements of the tread and bead ﬁllers, while the material constants for the diﬀerent
rubber compounds are extracted from the reported data [11, 109]. Considering the chosen
geometric and material properties, the total mass of the simpliﬁed tyre model (78 kg) was
comparable with that of the comprehensive tyre model [109]. Finally, the rigid material
model (type 20) is used for the shell elements representing the wheel rim and the road
surface, as these are substantially stiﬀer than the tyre constituents.
4.2.3 Tyre-road contact model
The contact between the simpliﬁed tyre model and the rigid surface road is modeled
using the surface-to-surface contact algorithm in LS-DYNA [105, 107]. In the contact
model deﬁnition, the solid elements of the tyre tread are deﬁned as the slave, while the
shell elements of the rigid surface are designated as the master elements. The Coulomb
formulation is used to model the friction between the tyre and the rigid surface, while the
static and dynamic coeﬃcients of friction are speciﬁed as 0.8 and 0.75, respectively, to
represent a dry asphalt road [142].
4.2.4 Method of analysis
Part-Composite deﬁnitions and settings
Multiple layers of the carcass and belt structures are deﬁned using the PART_COMPOSITE
keyword in LS-DYNA [107]. This permits an eﬃcient way to input the layout and material
properties for composite parts, since it obviates the need for using the SECTION_SHELL
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keyword for element formulation selection as well as the INTEGRATION_SHELL keyword for
user-deﬁned integration rules [107]. For each layer i, the material constitutive model, the
thickness associated with the integration point i, and the angle specifying the ﬁber ori-
entation for integration point i, are deﬁned using the data in Table 4.1. The material
properties of the rubber matrix and the reinforcements are deﬁned using the MAT_ELASTIC
and MAT_COMPOSITE_DAMAGE keywords, respectively. Owing to the substantial dissim-
ilarities in material properties of the rubber matrix and the orthotropic reinforcements,
the consideration of default constant transverse shear strain through the thickness of the
composite shell makes it too stiﬀ. The laminated shell theory is thus applied to correctly
describe the stiﬀness of the shell elements. This option is activated via selecting the variable
LAMSHT as 1 in the CONTROL_SHELL keyword. The integration rule through the thickness
of the composite part, which includes the integration points and the corresponding weights,
are determined such that each integration point i is located at the center of the respective
layer thickness. The total thickness of the composite shell is then obtained from summation
the thickness of the individual layers.
The cord angle is deﬁned for each orthotropic layer in order to specify the orientation
of cords with respect to the element coordinate system. Using the axis option AOPT in
the MAT_COMPOSITE_DAMAGE keyword, the element coordinate system was adjusted via
element nodes such that the x-direction is from node 1 to node 2, and the y-direction is
orthogonal to the x-direction, while it lies in the plane formed by nodes 1, 2 and 4 [104].
The nodes in the element deﬁnition were numbered counterclockwise, as required for the
AOPT option. Such a local element coordinate system is constantly subject to change
as the solution progresses, particularly under large element deformations and rotations.
This strongly aﬀects the deﬁnition of cord angles, and thus the responses of orthotropic
shells. By activating the invariant node numbering via selecting the variable INN as 2
in the CONTROL_ACCURACY keyword, the element coordinate system is modiﬁed so as to
minimize the sensitivity of the orthotropic shell responses to element distortions. Further
details regarding formulations and steps to modify the local element coordinate system can
be found in [107].
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Finite element formulations
The fully-integrated Belytschko-Tsay shell element formulation (type 16) [199] in con-
junction with the hourglass energy control type 8 is selected for the shell elements in the
composite part. This hourglass option activates the full projection warping stiﬀness in order
to achieve accurate solutions for shell element type 16 with a reasonable additional com-
putational cost [107]. Similar to the comprehensive tyre model, the nearly-incompressible
rubber materials in the tread and bead ﬁllers are formulated using the one-point-integration
solid elements together with the hourglass energy control type 5, which resulted in stable
and accurate simulations with signiﬁcant computational cost saving compared to the fully-
integrated solid element formulations [107].
Simulation scenarios
The explicit dynamic solver in LS-DYNA [107] is used to predict the tyre dynamic re-
sponses in vertical force-deﬂection and free-rolling cornering force tests. The static vertical
stiﬀness of the tyre model is veriﬁed through virtual load-deﬂection tests, where the tyre is
ﬁrstly inﬂated by a uniform and constant internal pressure, and is subsequently loaded in
vertical direction with a desired load. The cornering force as well as the aligning moment
characteristics of the tyre model are also evaluated via virtual cornering force tests, where
the inﬂated/deﬂected tyre is permitted to roll freely with a constant side-slip angle with
respect to the longitudinal axis of the rigid road surface.
The natural frequencies and mode shapes of the simpliﬁed tyre model are also evalu-
ated using the implicit eigensolver in LS-DYNA [107]. In order to incorporate the eﬀects
of the internal pressure, ground contact, normal load and rotational motion of the tyre on
its natural modes and frequencies, an explicit dynamic simulation is initially performed
to determine the stress state through the tyre elements. The stress state is then intro-
duced to the eigensolver to account for its contributions in the stiﬀness matrix of the
inﬂated/deﬂected tyre [190]. Using the intermittent eigenvalue extraction in LS-DYNA
[107], the eigen-frequencies of the tyre are extracted in three instants during the explicit
dynamic simulation, which include: (i) modal properties of the free tyre, when the tyre
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inﬂation stabilizes following a desired pressure; (ii) modal properties of the deﬂected tyre
in contact with the road, when the tyre deﬂection approaches steady-state after application
of a vertical load; and (iii) modal properties of the deﬂected rolling tyre, when the angular
speed of the free-rolling tyre becomes steady corresponding to a desired rolling speed.
4.3 Veriﬁcation of the simpliﬁed tyre model
The validity of the proposed simpliﬁed tyre model is examined by comparing its static
and dynamic results with the reported experimental data as well as with those obtained
from the comprehensive tyre model [109, 190]. The results are compared in terms of vertical
force-deﬂection, cornering force/moment and modal characteristics. A grid convergence
study was initially performed to determine the minimal required mesh for convergence of
the simulation results so as to achieve good computational eﬃciency.
4.3.1 Grid convergence study
The virtual force-deﬂection and cornering force tests were repeated using diﬀerent
grids of varying densities ranging from 12 to 192 circumferential divisions. The mesh
related to the outer circumferential regions, however, remained ﬁne at 192 divisions so as
to eliminate the errors and instabilities, which may be caused by the contact algorithm





































Figure 4.3: Grid convergence study illustrating the simulation results as a function of the
circumferential divisions: (a) the vertical tyre deﬂection; and (b) the cornering force at 5
km/h speed and 6◦ side-slip angle (inﬂation pressure = 758 kPa; normal load = 26.7 kN)
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during explicit dynamic simulations. Figure 4.3(a) illustrates the vertical tyre deﬂection
response as a function of the mesh reﬁnement in terms of circumferential divisions. The
results were obtained considering nominal tyre inﬂation pressure of 758 kPa, and normal
load of 26.7 kN. Figure 4.3(b) shows the convergence of the cornering force developed by
the tyre at a free-rolling speed of 5 km/h and constant 6◦ side-slip angle. The results
suggest that a mesh with 96 sectors together with 192 divisions for the outer regions is
the minimal required mesh to achieve convergence. Subsequent simulations to obtain the
load-deﬂection, cornering and modal properties of the tyre are thus performed considering
this optimal mesh size.
4.3.2 Load-deﬂection characteristics
The validity of the proposed simpliﬁed tyre model is initially evaluated by compar-
ing the virtual load-deﬂection test results with the reported experimental data and those
predicted by the comprehensive tyre model under a range of normal loads at three dif-
ferent inﬂation pressures. The load-deﬂection responses of the comprehensive tyre model
have been reported in [109]. Figure 4.4(a) illustrates the deformed shape of the simpliﬁed
(a) (b)
Figure 4.4: Deformed shapes of: (a) the simpliﬁed tyre model; and (b) the comprehensive
tyre model (inﬂation pressure = 758 kPa; normal load = 26.7 kN)
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tyre model under 758 kPa internal pressure and 26.7 kN normal load, which is qualita-
tively similar to that for the comprehensive tyre model shown in Figure 4.4(b). Virtual
load-deﬂection tests were repeated for varying normal loads ranging from 4.448 to 44.48
kN (1000 to 10000 lb) considering three diﬀerent inﬂation pressures of 621 kPa, 758 kPa
(nominal) and 896 kPa. Figure 4.5 illustrates comparisons of the load-deﬂection responses
of the simpliﬁed tyre model with those obtained from the comprehensive tyre model [109]
and the experimental data reported for 758 kPa inﬂation pressure [11]. The comparisons
show very good agreements in the responses of the simpliﬁed model with those of the com-
prehensive model and the reported data under the ranges of inﬂation pressure and normal
load considered in the study.










































Figure 4.5: Comparisons of load-deﬂection characteristics predicted by the simpliﬁed tyre
model with those obtained from the comprehensive tyre model [109], and the reported
experimental data [11] under diﬀerent inﬂation pressures: (a) 621 kPa; (b) 758 kPa; and
(c) 896 kPa
4.3.3 Cornering characteristics
The lateral force prediction performance of the simpliﬁed tyre model is evaluated
by comparing its cornering force/moment characteristics with the reported experimental
data [11] and with those of the comprehensive tyre model [109]. The cornering force
tests were performed for a wide range of constant side-slip angles up to 12◦, while the
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inﬂated/deﬂected tyre was freely rolling at a 5 km/h speed on a dry asphalt road with
0.8 and 0.75 static and dynamic coeﬃcients of friction, respectively. The tyre internal
pressure and normal load in these simulations were maintained at their nominal values
of 758 kPa and 26.7 kN, respectively. Figure 4.6(a) illustrates the deformed shape of the
simpliﬁed tyre model corresponding to 6◦ side-slip angle, which is qualitatively similar to
that obtained from the comprehensive tyre model shown in Figure 4.6(b).
(a) (b)
Figure 4.6: Deformed shapes of: (a) the simpliﬁed model; and (b) the comprehensive
model subjected to 6◦ side-slip angle and 5 km/h rolling speed (inﬂation pressure = 758
kPa; normal load = 26.7 kN)
Figures 4.7(a) and 4.7(b) compare the cornering force and aligning moment responses
of the simpliﬁed tyre model with the reported experimental data [11] as well as with those
obtained from the comprehensive tyre model [109] under three diﬀerent vertical loads:
17.8, 26.7 and 35.6 kN. The cornering force and aligning moment results predicted by
the two models show reasonably good agreements in ranges of side-slip angle and normal
load considered in the study. The cornering force characteristics predictions by both the
tyre models, however, show some discrepancies with the reported experimental results,
speciﬁcally at higher side-slip angles. At lower side-slip angles (less than 6◦), both the
tyre models tend to overestimate the cornering force, while they underestimate the force
at higher side-slip angles in the saturation region. The aligning moment predictions by
the two models exhibit trends similar to those in the experimental data but show notable
diﬀerences from the experimental data at side-slip angles above 4◦. Despite the observed
diﬀerences, both the comprehensive as well as reduced models show comparable cornering
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Figure 4.7: Comparisons of: (a) the cornering force; and (b) the aligning moment charac-
teristics predicted by the simpliﬁed and comprehensive [109] tyre models, and the reported
experimental data [11] under three diﬀerent vertical loads
responses.
4.3.4 Modal characteristics
The validity of the simpliﬁed tyre model is further evaluated by comparing its nat-
ural frequencies with those of the comprehensive tyre model, whose validity has been
demonstrated in [190]. Using the intermittent eigenvalue extraction in LS-DYNA [107],
the natural modes and frequencies of the simpliﬁed tyre model are obtained at three dif-
ferent instants: (i) inﬂated tyre, representing modal properties of the unloaded tyre in the
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static condition; (ii) inﬂated and loaded, representing modal properties of the deﬂected
tyre in contact with the road; and (iii) inﬂated, loaded and rolling, representing modal
properties of the rolling tyre operating at a given speed. The method of extracting eigen-
values and modal vectors corresponding to the three instants has been described in [190].
In this method, an explicit dynamic simulation is initially performed to realize the stress
state throughout the tyre at instants when the modal characteristics are desired. The
eigenvalues are subsequently extracted at the desired instants, while the nonlinear large-
deformation ﬁnite element formulation is applied to include the contribution of the stress
state in the eigenvalue analyses. The method permits consideration of the inﬂuences of
the tyre internal pressure, ground contact, normal load and rotational speed on the tyre
modal properties. In these analyses, the tyre inﬂation pressure, normal load and speed are
chosen as 758 kPa, 26.7 kN and 50 km/h, respectively.
The reduced model revealed natural frequencies and mode shapes comparable to those
of the comprehensive tyre model [190]. Similar to the comprehensive model, the simpliﬁed
model presented a number of in-plane and out-of-plane modes of vibration. Figures 4.8
and 4.9 present comparisons of the natural frequencies corresponding to the in-plane and
out-of-plane modes, respectively, of the reduced and comprehensive models for the inﬂated,
deﬂected and rolling states, together with the mode shapes of the deﬂected tyre. The in-
plane modes, shown in Figure 4.8, include: (a) the hopping motion along vertical direction
(denoted as Hop); (b) rotational oscillations about wheel axle (Rotate Y); (c) an oval form
resulting from extensions in opposite directions along a central axis in the wheel plane and
compressions along the perpendicular axis (In-Plane Oval); (d) a reuleaux triangle-like
deﬂection shape (In-Plane Triangle); and (e) a corner-rounded quadric shape (In-Plane
Quadric). The out-of-plane modes, presented in Figure 4.9, include: (f) the translational
motion along the transverse direction (Translate Y); (g) rotational oscillations about the
vertical axis (Rotate Z); (h) a twisting vibrational motion, where the two opposite halves
of the tyre move outwards from the tyre plane and the other two opposite halves displaced
backwards out of the tyre plane (Out-of-Plane Oval); (i) twisting oscillations along the
toroidal centerline (Out-of-Plane Triangle); and (j) an out-of-plane corner-rounded quadric
shape (Out-of-Plane Quadric).
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Figure 4.8: Comparisons of in-plane mode shapes of the simpliﬁed and comprehensive [190]
tyre models corresponding to the inﬂated, deﬂected and rolling states
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Figure 4.9: Comparisons of out-of-plane mode shapes of the simpliﬁed and comprehensive
[190] tyre models corresponding to the inﬂated, deﬂected and rolling states
127
Both the simpliﬁed and comprehensive tyre models resulted in slightly higher natural
frequencies corresponding to the deﬂected state when compared to those of the inﬂated
state. This tendency has also been reported in a few studies [120, 122, 123], and is at-
tributed to an increase in the tyre stiﬀness due to additional stresses arising form ground
contact along with application of the normal compressive load. Moreover, the natural
frequencies in the rolling state decreased to some extent with reference to the deﬂected
state, which is attributed to the fact that the rolling dynamic stiﬀness of tyres is somewhat
lower than the static stiﬀness, as reported by Ford and Charles [201]. The comprehensive
model, however, showed relatively larger decrease in the natural frequency due to rolling
compared to the simpliﬁed model, particularly in the fundamental vertical model (Hop)
and the most relevant mode to the tyre rotation (Rotate Y). This suggested that the com-
prehensive model, involving substantially higher number of elements, can more accurately
describe the decline in tyre stiﬀness caused by relaxation of stresses in the contact patch
in the rolling state.
While the two models resulted in very similar in-plane and out-of-plane deﬂection
shapes, some diﬀerences in the natural frequencies were evident. These are attributable to
simpliﬁcations in the tyre structure considered for the reduced model. Table 4.3 summarizes
the percentage diﬀerences in the natural frequencies obtained from the simpliﬁed tyre model
with reference to those predicted by the comprehensive tyre model corresponding to the
inﬂated, deﬂected and rolling states. The simpliﬁed model in the inﬂated state predicted
the natural frequency corresponding to the mode denoted as Rotate Y as 48.46 Hz, which
is nearly 13% higher than that extracted from the comprehensive model (43.83 Hz). This
is likely due to relatively higher sidewall stiﬀness caused by the Part-Composite approach
compared to the comprehensive model, particularly in the circumferential direction. The
stiﬀer sidewall structure of the simpliﬁed model also resulted in relatively higher frequencies
for the higher out-of-plane modes, denoted as Oval, Triangle and Quadric, in the inﬂated
state (Table 4.3). The lower frequencies corresponding to the out-of-plane modes, denoted
as Translate Y and Rotate Z in the inﬂated state, however, suggest relatively lower stiﬀness
of the sidewall structure along the radial direction. Moreover, the higher in-plane mode
frequencies related to Oval, Triangle and Quadric mode shapes are observed at somewhat
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Table 4.3: Percent diﬀerences in natural frequencies predicted by the simpliﬁed tyre model
relative to those obtained from the comprehensive tyre model [109] corresponding to the
inﬂated, deﬂected and rolling states
In-plane mode Inﬂated Deﬂected Rolling
(a) Hop  -0.5% 11.8%
(b) Rotate Y 12.9% 0.6% 22.0%
(c) Oval -10.5% 0.9% 0.7%
(d) Triangle -3.0% -0.5% 2.5%
(e) Quadric -2.7% 1.2% 11.8%
Out-of-plane mode Inﬂated Deﬂected Rolling
(f) Translate Y -8.4% -5.2% -5.2%
(g) Rotate Z -1.2% -1.6% -0.1%
(h) Oval 6.9% 5.3% 8.1%
(i) Triangle 7.6% 6.8% 15.0%
(j) Quadric 1.0% 0.4% 0.4%
lower frequencies for the simpliﬁed model in comparison to the comprehensive model. This
suggests that the simpliﬁed model comprises a relatively softer belt structure than the
comprehensive model. In the deﬂected state, the two models demonstrated reasonably good
agreements in the in-plane and out-of-plane mode frequencies with maximum deviation
being 1.2%, and 6.8%, respectively. In the free-rolling state, the two models also show
relatively good agreements in the natural frequencies (less than 10% deviation), with the
exception of in-plane modes Hop, Rotate Y and Quadric, and out-of-plane Triangle mode.
The relatively greater diﬀerences in these mode frequencies are likely due to deﬁciency
of the simpliﬁed model for relief of stresses in the elements so as to adequately represent
relaxation of a rolling tyre.
4.3.5 Computational performance
The simpliﬁed tyre model was developed to achieve greater computational eﬃciency
while preserving the model accuracy compared to the comprehensive tyre model [109]. The
computational eﬃciency of the model is assessed in terms of the CPU time required by
the two models considering identical simulation scenarios. A 0.2 s real time load-deﬂection
129
simulation as well as a 1.0 s cornering force test were considered to be executed using a 3.2
GHz Intel Xenon processor with 8 cores and 14 GB memory. A mesh of 96 sectors with 192
divisions for the outer regions was used for both models, which resulted in 24192 and 8832
elements for the comprehensive and simpliﬁed models, respectively. Table 4.4 compares the
process times required by the simpliﬁed and comprehensive models for diﬀerent computing
tasks involving the carcass/belt, tread/bead ﬁllers, and other processes. The comparisons
show that the simpliﬁed model can yield nearly 85% reduction in the CPU time required
for processing the carcass and belt elements compared to the comprehensive model. This
substantial reduction in the CPU time is attributed to the Part-Composite approach,
which results in substantially lower number of elements associated with the carcass and
belt structures compared to the comprehensive model.
The simpliﬁed model, however, yields identical CPU times for the elements forming the
tread and bead ﬁllers compared to the comprehensive model. This is due to the fact that
the tread and bead ﬁllers in the reduced model are formulated using the same approach as
in the comprehensive model. The two models thus comprise identical number of elements
for the tread and bead ﬁllers. The reported times for other processes such as initialization,
contact algorithm, rigid body motion and database also show CPU time reductions in the
Table 4.4: Comparisons of total and individual process times required by the simpliﬁed
and comprehensive [109] tyre models
Load-deﬂection test (0.2 s)
Process time (hours) Comprehensive Simpliﬁed Reduction (%)
Carcass and belt 2.31 0.35 85.05%
Tread and bead ﬁllers 0.03 0.03 0.000%
Other processes 1.63 0.48 70.48%
Total 3.97 0.83 79.14%
Cornering force test (1.0 s)
Process time (hours) Comprehensive Simpliﬁed Reduction (%)
Carcass and belt 10.81 1.54 85.75%
Tread and bead ﬁllers 0.15 0.15 0.000%
Other processes 5.94 1.25 78.90%
Total 16.75 2.79 83.32%
130
order of 70% for the load-deﬂection simulations and 79% for the cornering force tests, which
is again attributed to the reduced number of elements in the simpliﬁed model. The table
also compares the total computing times for both the models for 0.2 s load-deﬂection and 1.0
s cornering force test simulations. For the load-deﬂection simulations, the total computing
time for the comprehensive model is nearly 4 hours, which reduces to about 50 minutes
for the simpliﬁed model, resulting in nearly 79% reduction. In the case of cornering force
test, the total computing time for the comprehensive model of about 16.75 hours reduces
to about 2.79 hours for the simpliﬁed model, resulting in about 83% reduction.
4.4 Conclusions
A computationally eﬃcient simpliﬁed model of a rolling truck tyre was implemented
and veriﬁed in terms of its eﬀectiveness in predicting vertical force-deﬂection, cornering
force/moment and modal characteristics through comparisons with the reported exper-
imental data as well as those obtained from a comprehensive tyre model. The Part-
Composite approach used for formulating the simpliﬁed model resulted in nearly 80%
reduction in the number of elements used for describing the carcass and belt structures,
which shortened the required computing time by 79.14% for a load-deﬂection simulation
and by 83.3% for a cornering force test. The load-deﬂection results obtained from the
simpliﬁed tyre model were in very good agreement with the experimental data and those
predicted by the comprehensive tyre model, which veriﬁes the static vertical behavior of the
simpliﬁed model. The simpliﬁed model also demonstrated good correlations with the com-
prehensive model in both the lateral force and the aligning moment characteristics. Both,
the simpliﬁed and comprehensive tyre models, however, showed some deviations with re-
spect to the measured cornering properties of the tyre. The deviation was particularly
higher in the aligning moment. The modal characteristics of the simpliﬁed tyre model,
including the in-plane and out-of-plane deﬂection modes, were also in good agreements
with those obtained from the comprehensive tyre model. Generally good agreements were
obtained in the natural frequencies corresponding to the three states of tyre considered,
namely, inﬂated, deﬂected under a vertical load and in contact with the road, and deﬂected
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and rolling at a speed of 50 km/h. Similar to the comprehensive model, the natural fre-
quencies of the simpliﬁed model subjected to deﬂection increased slightly compared to the
inﬂated state, and somewhat decreased under free-rolling. From the results, it is concluded
that proposed simpliﬁed model formulated using the Part-Composite approach could yield
accurate predictions of static and dynamic properties in substantially eﬃcient manner com-
pared to a comprehensive structural tyre model. The proposed computationally eﬃcient
model could thus serve as an eﬀective virtual tyre simulation platform for identiﬁcations
of parameters of phenomenon-based tyre models.
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Chapter 5
A Virtual Test Platform for Analyses of




Dynamic properties of ground vehicles strongly rely on the tyre-terrain interaction
forces and moments applied to the vehicle body. Considerable eﬀorts are thus continuing
to develop reliable models of tyre-terrain interactions for vehicle dynamics simulations and
tyre design. The analysis of tyre-terrain interactions is known to be challenging, especially
for oﬀ-road vehicle applications involving deformable terrains. A number of terramechanics-
based models have been developed for estimating the forces and moments generated at the
tyre-terrain interface, which are generally derived from integration of the normal and shear
stresses developed over the contact area [19, 20, 141]. The stresses are often represented
in terms of the normal and shear deformations considering terrain material properties,
which are generally determined through measurements such as cone index, a measure of
soil supporting stress [141, 143, 144]. The cone index, however, has been judged to be
insuﬃcient, particularly for non-cohesive soils such as sands, since it does not account for
individual contributions of the compressive and shear resistances of the soil [145]. Bekker
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[18] formulated the pressure-sinkage and the shear stress-shear displacement characteristics
of soils in conjunction with the Mohr-Coulomb failure criterion. The normal and shear
properties of soils have been widely characterized through plate-sinkage and shear ring
tests using bevameter techniques [18]. The shear strength of soil and its dependence on
conﬁning pressure have also been experimentally characterized using shear-box and triaxial
tests [141].
A number of analytical formulations have evolved to estimate tyre-soil contact forces
and soil stresses. Wong and Reece [19, 20] developed theoretical formulations for estimating
the radial and tangential stress distributions beneath a rolling tyre using the Bekker and
Mohr-Coulomb theories [18, 141], which could yield estimates of tyre-soil contact forces and
moments. Such terramechanics-based models have served the essential basis for developing
tyre-terrain interaction models for applications in multi-body system simulations of oﬀ-
road vehicles [31, 111, 150, 153, 154] as well as planetary exploration rovers [2123] on soft
soils. The reliability of such models, however, strongly relies on the accuracy of normal
and shear properties of the speciﬁc soils under study, which are generally obtained from
the measured soil properties using regression-based methods [151, 155158].
The theoretical terramechanics-based models could yield reasonably accurate estima-
tions of tyre-soil contact forces and moments in diﬀerent maneuvers of oﬀ-road vehicles
including ride [159], traction/braking [153] and cornering [111, 150]. These theoretical
models, however, are not suited for determinations of deformed shape, stress distributions
and soil ﬂows under a rolling pneumatic tyre. A number of computational models based on
Finite Element (FE) methods have evolved for accurate modeling of both the pneumatic
tyre and soft soil considering structural details and material properties. Such models have
been reported for analyses of soil compaction and tyre footprint [29, 30, 162], stress distri-
butions and soil ﬂows [24, 27, 28, 163], and tyre mobility and motion resistance [160, 161] of
oﬀ-road tyres. The computational tyre-soil interaction models, however, generally consider
the soil as an elastic-plastic material, described via a bi-linear stress-strain curve with con-
stant yield stress based on the traditional plasticity theory [2426, 28, 29]. The material
properties such as Young's modulus, tangent modulus and yield stress are often extracted
from available reported data and adjusted to match the experimental data in terms of
134
pressure-sinkage behavior [24, 166]. The traditional plasticity theory, however, does not
accurately account for stresses attributed to soil compaction [25, 167]. Linear pressure-
volumetric deformation relation have been employed to account for the soil compressibility
[25, 26]. These have provided reasonably good estimations of normal stress distributions
and resulting forces underneath a tyre. The linear pressure-volume relationship, however,
does not accurately describe material compressibility as well as shear behavior of soils [24
26]. Moreover, the relation cannot account for progressively increasing strength of soils
with compaction.
Alternatively, a number of studies described the soil using a pressure-dependent
strength constitutive model such as the soil and foam material model family in LS-DYNA
[38, 43, 45, 100, 168, 169] and the Drucker-Prager material model in ABAQUS [27,
150, 170174]. The soil and foam material model (type 5 in LS-DYNA) [104, 105] has
been widely used for simulations of tyre-soil interactions [38, 100], soil penetration tests
[43, 45, 176], earth landing [169, 177], and road-side safety [178]. This material model sepa-
rately accounts for compressibility and shear strength characteristics of soil, while the input
material parameters are provided through geotechnical laboratory test data obtained from
the triaxial apparatus [175]. The compressibility is deﬁned through pressure-volumetric
strain curves during loading and unloading, while the shear strength is described via a
yield surface, which deﬁnes the second invariant of deviatoric stress tensor as a quadratic
function of hydrostatic pressure with coeﬃcients identiﬁed from the triaxial compression
test data [105, 168].
Slade [24] and Lescoe [25] developed tyre-soil models using Pam-Crash ﬁnite element
platform to predict contact force/moment properties of truck tyres on soft soils. These
and many other studies have shown that the FE method could not adequately model the
penetration of an object such as a tyre or a plate into soil due to the mesh-based nature
of the method [24, 27, 29, 100, 173, 179]. Furthermore, penetrating object is not only
resisted by the compacted soil but also by the tension caused by the elongated elements
that cannot be separated from adjacent elements within the deformed soil domain, which
may yield inaccurate estimations of contact forces [38, 43].
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Alternatively, a few studies have employed mesh-less Smoothed Particle Hydrodynam-
ics (SPH) [25, 26, 180] and Discrete Element (DE) [181184] methods for modeling tyre-soil
interactions. Lescoe [25] and Dhillon [26] applied the SPH method to develop a soil model
in the Pam-Crash platform for conducting plate-sinkage and shear-box test simulations
using an elastic-plastic-hydrodynamic material type in conjunction with a linear pressure-
volume equation of state. These have shown that the mesh-less nature of the SPH method
can describe the soil deformations more accurately compared to the FE method, partic-
ularly under large deformations and soil fragmentations, as encountered in the shear-box
test. A SPH soil model, however, imposes substantially higher computational demands
compared to a similar FE model [25, 26].
The computational soil models can yield reasonably accurate predictions of soil de-
formations, stress distributions and reaction forces. Their applications for analyses of
vehicle-terrain interactions, however, are limited due to excessive computational demands.
Alternatively, the computationally eﬃcient terramechanics-based tyre-soil models may be
used for vehicle-terrain analyses. The reliability of such models strongly depends on the
accuracy of their parameters, which are identiﬁed through costly measurements.
In this study, a computational soil model is developed to be employed as a virtual test
laboratory to perform a set of soil test simulations for identiﬁcations of parameters of the
terramechanics-based tyre-soil interaction models. The validity of the virtual simulation
model is illustrated using the pressure-sinkage and shear-box tests for characterizations of
the normal and shear properties of diﬀerent selected soils. The computational soil models
are formulated using FE and SPH techniques in the LS-DYNA platform, considering a
pressure-dependent strength constitutive model with input parameters derived from the
reported triaxial tests. The material model parameters are identiﬁed using the available
measured data. The validity of the material model is subsequently assessed by comparing
computed soil properties with reported test data. The relative merits and limitations of
the FE and SPH soil models are discussed through comparisons of the model results under
pressure-sinkage tests. The models are used to simulate pressure-sinkage and shear-box
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tests to determine the compressive strength and shear stress-shear displacement character-
istics. These are subsequently applied for parameterization of the phenomenological ter-
ramechanics soil models for analyses of tyre-soil interactions considering stationary, driven,
towed and steered tyres. The latter part involving applications of the terramechanics mod-
els is presented in the second part of the study.
5.2 Soil Model
5.2.1 Soil constitutive model and material parameters
Strength of a soil strongly depends on its conﬁning pressure, particularly for a soil with
low cohesion. A pressure dependent material model is thus vital for accurate characteriza-
tion of soil constitutive behavior. Material model type 5 (MAT_SOIL_AND_FOAM), available
in the LS-DYNA material library [104], is used for describing diﬀerent types of soils in this
study. Among the several soil constitutive models available in LS-DYNA, this model is the
most basic pressure dependent strength model requiring simple input parameters, which
can be readily identiﬁed from the reported laboratory test data [43, 45, 146, 169]. The
loading and unloading behaviors of the soils, however, diﬀer due to plastic deformations.
In this model, the shear deformations of the soil during initial loading are described by
the elastic shear modulus, G, while the soil relaxation during unloading can be adequately
described by the bulk modulus, Ku. The compressibility of the soil is represented through
a pressure-volumetric deformation relation. The strength of soil is described by a shear
failure surface by deﬁning the second invariant of the stress deviator as a function of the
pressure [168].
The constitutive model is formulated for four types of soils for which geotechnical lab-
oratory test data are accessible [146, 220]. These include: a high density clayey sand, also
referred to as unwashed sand, and three distinct coastal sand conditions, namely, low den-
sity dry sand, high density wet sand and high density ﬂooded sand, all containing common
material constituents and grain size distribution. The input parameters for the constitutive
model are determined from the triaxial tests involving compressibility, unloading and yield
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surface characteristics of the soils.
The uniaxial strain test is used to characterize the compressibility (volumetric defor-
mation behavior) of the soil. The volumetric strain, v, is deﬁned as the ratio of change
in volume of the soil specimen, ∆V , to its initial volume, V◦. For the material type 5
in LS-DYNA [104], this strain is deﬁned in terms of logarithmic volume strain, log, also
known as natural strain. The log is deﬁned by natural logarithm of the relative volume,
ratio of ﬁnal volume V to the initial volume V◦, and is negative under compression. The







= log (1− v) (5.1)
Figure 5.1 shows the pressure-logarithmic volume strain curve obtained using the uniaxial
strain test data for the selected soils [146]. The reported data were idealized by a set of 10
discrete input data points for the LS-DYNA material model. Other elastic properties such
as the Young's modulus, E, Poisson's ratio, ν, and shear modulus, G, are also determined
from the uniaxial strain test data and summarized in Table 5.1.























Figure 5.1: Pressure-logarithmic volume strain curves obtained from uniaxial strain tests
of selected soils [146] (LD: Low Density; HD: High Density)
The unloading bulk modulus is determined from data acquired from the hydrostatic
compression tests involving axial as well as radial deformations of the soil. The unloading
bulk modulus, Ku, is estimated from the slope of the pressure-volumetric strain curve
during unloading, which is also presented in Table 5.1 for selected soils.
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Table 5.1: Material parameters for selected soils derived from the geotechnical laboratory
test data reported in [146]
Material Unwashed Low density High density High density
parameter sand dry sand wet sand ﬂooded sand
Moisture content (%) 12 2 16 30
Mass density (ρ, kg/m3) 2094.63 1282.43 1603.03 1442.73
Young's modulus (E,MPa) 54.94 7.68 12.49 8.41
Poisson's ratio (ν) 0.193 0.298 0.279 0.286
Shear modulus (G,MPa) 23.03 1.39 3.25 3.62
Bulk unloading (Ku,MPa) 133.55 224.01 110.87 131.52
Coeﬃcient a◦(kPa)2 300.72 0 65.17 6.68
Coeﬃcient a1(kPa) 25.56 0 12.89 3.72
Coeﬃcient a2 0.5432 0.5042 0.6368 0.518
The identiﬁcation of shear strength of soil in the material model involves the derivation
of a yield surface by expressing the second invariant of the stress deviator, J ′2, as a quadratic
function of pressure, p, such that [168]:
J ′2 = a◦ + a1p+ a2p
2 (5.2)
where p is the average of principal stresses, known asmean stress, being positive in compres-
sion. The triaxial compression test data is used to determine the yield surface parameters,
a◦, a1 and a2. In this test, the soil specimen is initially loaded to a desired conﬁning
pressure σc, and a compressive axial strain is applied, while the conﬁning pressure is held
constant, which results in an axial stress σa. The increment of axial stress above the con-
ﬁning pressure, σa−σc, known as stress diﬀerence (σ∆), is then measured. Considering the
principal stresses (σa, σc, σc) along the axial and transverse directions, and p as the mean
stress, the deviatoric stress tensor, sij (i, j = 1, 2, 3), is deﬁned as [146]:
sij =

σa − p 0 0
0 σc − p 0
0 0 σc − p
 ; p = 13 (σa + σc + σc) (5.3)
The second invariant of the stress deviator, J ′2, is subsequently obtained in terms of the
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The tests are repeated for a range of conﬁning pressures and the data are used to deﬁne
J ′2. The resulting (p, J
′
2) data are used to construct the strength envelops of a soil by curve
ﬁtting using Equation (5.2). Figure 5.2 illustrates the (p, J ′2) functions together with the
test sample points for selected soils. The yield surface coeﬃcients a◦, a1 and a2 for the
selected soils are presented in Table 5.1.






















































































Figure 5.2: Yield surface ﬁt of the triaxial test data reported in [146] for: (a) unwashed
sand; (b) low density dry sand; (c) high density wet sand; and (d) high density ﬂooded
sand
5.2.2 Simulation scenarios and method of solution
A computational soil model is formulated in the LS-DYNA platform to characterize
the soil behavior under normal and shear loads arising from either a plate or a station-
ary/rolling tyre. The validity of the material model and properties chosen for the selected
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soils is initially examined using the reported experimental data. The soil model is sub-
sequently employed as a virtual test environment to perform a set of standard tests for
identiﬁcations of soil parameters for the terramechanics-based tyre-soil interaction models.
The simulations are performed using the Finite Element (FE) as well as the Smoothed
Particle Hydrodynamics (SPH) analysis approaches. The results obtained from the two
approaches are compared, and relative merits and limitations of the two methods are dis-
cussed. The computational models are subsequently used to determine tyre-soil interface
forces and moments, which are described in Part II of this article. A modal analysis is
initially conducted for characterizing the fundamental frequency and eﬀective damping
property of the soil model employing the constitutive soil material model. The results are
used to estimate global damping characteristics required for dampening of the unwarranted
oscillations of the soil elements during loadings. The method of analysis is described in the
following subsections.
Simulation scenarios
The computational models are formulated to address two diﬀerent simulation objec-
tives. These include validations of the computational soil models and simulations of typical
virtual testing scenarios for parametrization of terramechanics models of the selected soils.
Simulation scenarios are brieﬂy described below.
1. Pressure-volumetric deformation test: This test is performed on a rectangu-
lar soil domain, made of either solid elements or SPH particles. The soil domain
is subjected to a range of pressures applied directly to the top surface, while all
other boundaries of the soil domain are held considering frictionless contact with the
constraining rigid walls. The volumetric strain ratio (∆V/V◦) of the soil domain is
evaluated corresponding to each applied pressure and compared with the reported
uniaxial strain test data [146] to examine validity of the computational models. The
comparisons permitted veriﬁcations of the compressibility behaviors of the material
models for the selected soils.
2. Pressure-sinkage test: In this test, a rectangular soil domain is subjected to a
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range of sinkages applied by a rigid circular plate, as in case of the bevameter machine
[141]. Taking advantage of the symmetry, only a quarter of the soil box and the plate
is meshed in both the FE and SPH models, as illustrated in Figures 5.3(a) and
5.3(b). The top surface of the soil is unconstrained and the two sides of symmetry
are deﬁned as symmetric planes. The remaining three sides are in contact with
rigid walls representing the adjacent soil. The penetration is applied in a ramp
manner and the resulting pressure developed in the soil is determined. The simulation
results yield pressure-sinkage relations for selected soils, which are used to identify
the terramechanics model parameters using the Bekker's pressure-sinkage relation
through curve ﬁtting.
3. Shear-box test: A rectangular block of soil, made of SPH particles, is conﬁned
within a shear-box, as illustrated in Figure 5.4(a). This test was not attempted with
the FE model. The shear-box designed in this study comprises three parts: the top
plate and upper and bottom halves, as described in [141]. The test is performed in
two stages. A desired pressure is initially applied via the top plate, which is allowed
to move only in the vertical direction. While the upper half of the box is ﬁxed,
the pressurized soil is subsequently subjected to a shear displacement via horizontal
motion of the bottom half, as illustrated in Figure 5.4(b). Due to symmetry of the
model in the x-z plane, only one-half of the box is considered for simulations. The
shear stress corresponding to the applied shear displacement is computed from the
shear force developed at the interface of the two halves and the cross-sectional area of
the box in the x-y plane. The resulting shear stress-shear displacement characteristics
corresponding to diﬀerent conﬁning pressures are used for parametrization of the
terramechanics model using Bekker's shear stress-shear displacement relation through
curve ﬁtting.
Soil domain and analysis methods
The pressure-sinkage test simulations are performed considering one-quarter of the soil
domain (600 × 600 × 600 mm) using both methods: Finite Element (FE) and Smoothed
Particle Hydrodynamics (SPH). Figure 5.3(a) illustrates the FE soil model, which is meshed
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with 20700 (30 × 30 × 23) solid elements. The elements are distributed uniformly until
half of the depth, while the size of elements over the remaining depth is increased along
the z-axis in an increasing rate in order to enhance computational eﬃciency. Figure 5.3(a)
illustrates the SPH soil model made of 27000 (30×30×30) uniformly distributed particles.
The plate-sinkage test in both the models is conducted by applying a 100 mm vertical
displacement via a 150 mm radius circular rigid plate.
(a) (b)
Figure 5.3: (a) FE, and (b) SPH soil models (quarter) under 100 mm plate sinkage for the
unwashed sand
The shear-box test simulations are performed considering only one-half of the box due
to symmetry in the x-z plane. The (400 × 200 × 240 mm) soil block is represented by
19200 (40× 20× 24) SPH particles, as shown in Figure 5.4(a). The shear-box is made of
solid elements of rigid materials. The soil block is conﬁned by the top and bottom plates,
side walls, and front/rear face walls of the shear-box. The side and front/rear face walls
comprise two halves, where the upper half is ﬁxed and the bottom half is permitted to
move with the bottom plate along the x-axis. The pressure is applied via direct loading of
the top plate, while the shear displacement is imposed by moving the bottom half along
the x-axis, as illustrated in Figure 5.4(b).
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(a) (b)
Figure 5.4: Illustration of the shear-box test of the high density wet sand: (a) before, and
(b) after applying 700 kPa pressure and 40 mm shear displacement
Element formulations
In the FE soil model, the one-point integration solid element formulation is used in
conjunction with one of the stiﬀness forms (type 5) of the hourglass energy control options.
During the FE soil model simulations, the hourglass energy was constantly monitored and
it was not permitted to exceed 10% of the internal energy. For the soil particles in the
SPH model, the particle approximation theory [105] is applied, while selecting the cubic
B-spline kernel as the smoothing function. In the SPH formulation, the ﬁeld variables at a
point are approximated by weighted averaging (smoothing) of ﬁeld variables of particles in
a neighboring distance speciﬁed by the so-called smoothing length. The role of the kernel
function is to provide weighting to the inﬂuence of neighboring particles depending on their
distances. The smoothing length for each particle, h(t), is adapted automatically by the
SPH processor at each time step according to the soil ﬂow so as to keep the same number
of particles in the neighborhood. The user-deﬁned scale factors CSLH, HMIN and HMAX are
adjusted as 1.2, 0.2 and 2, respectively, to limit the range of the smoothing length, such
that [107]:
HMIN× h◦ < CSLH h(t) < HMAX× h◦ (5.5)
where h◦ is the initial smoothing length, deﬁned as maxima of minimum distances between
the particles at the beginning of the simulation. CSLH is a constant applied to the smoothing
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length of the particles, and HMIN and HMAX are scale factors describing the minimum and
maximum smoothing lengths. For further details on the SPH formulations and solution
control settings, we refer to Chapter 20 of the LS-DYNA theory manual [105].
Contact models and parameters
The automatic surface to surface contact algorithm in LS-DYNA [105, 107] is used
to model the contact between rigid plate/tyre and the elements of the soil. The static
and dynamic coeﬃcients of friction are assumed as 0.55 and 0.5, respectively, to mimic
an earth road surface [142]. In order to maintain a smooth and stable contact in the
soil model simulations, the pinball segment base contact algorithm (SOFT=2) is used. The
contact viscous damping ratio of 10% is applied perpendicular to the contacting surfaces
to avoid undesirable oscillations in the solutions. The contact between the SPH particles of
soil and the elements of rigid plate (tyre), however, is modeled using the automatic nodes
to surface contact algorithm in conjunction with the soft constraint formulation (SOFT=1).
The SPH particles are deﬁned as the slave part, while the elements of the rigid plate
(tyre) are deﬁned as the master part. Every particle in the SPH model represents a small
sphere-shaped piece of soil with radius equal to half the distance between two consecutive
particles. Since (by default) the center of the sphere is considered as the slave node in the
contact algorithm, an oﬀset thickness is used via the variable SST (slave surface thickness)
to incorporate the radius of the sphere in the contact calculations.
Damping properties
A global damping is deﬁned for the soil elements so as to limit undesirable oscillations
in the solutions and to maintain more stable simulations. Considering a desired damping
ratio ζs, the mass-weighted damping coeﬃcient αs is deﬁned in terms of the fundamental
frequency fn, such that:
αs = 4piζsfn (5.6)
The fundamental frequencies of the selected soils are initially estimated from eigen analyses
of the FE model considering material properties presented in Table 5.1. For this purpose,
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the (1200 × 1200 × 600 mm) soil block is meshed using 108000 (60 × 60 × 30) uniformly
distributed cubic elements of 20 mm side. The top side of the soil box is unconstrained,
while all other boundaries are in contact with rigid walls representing adjacent soils. The
fundamental frequencies of the soil models are summarized in Table 5.2. The mass-weighted
damping coeﬃcients of the soil models were subsequently estimated using Equation (5.6)
assuming 5% global damping ratio, which are also summarized in Table 5.2. The chosen
damping ratio revealed negligible oscillations in the deformation responses. The subsequent
simulations were thus performed using 5% global damping ratio.
Table 5.2: Fundamental frequencies and mass-weighted damping coeﬃcients of the soil
models assuming 5% global damping ratio
Soil model Unwashed Low density High density High density
parameter sand dry sand wet sand ﬂooded sand
Fundamental frequency (Hz) 61.76 19.36 26.54 29.51
Mass-weighted damping (Hz) 38.81 12.17 16.68 18.54
Convergence study
A convergence test was conducted in order to exclude the eﬀects of the element size
and the soil box height on the resulting pressure developed beneath the plate in response to
60 mm sinkage. The sensitivity of the response was investigated considering four element
sizes (100, 40, 20 and 10 mm) and four diﬀerent domain heights (0.4, 0.5, 0.6 and 0.8 m).
As an example, Figures 5.5(a) and 5.5(b) illustrate variations in the pressure obtained
from the FE and SPH models of the high density wet sand considering variations in the
number of elements per unit length and the height of the soil grid, respectively. The results
suggest satisfactory convergence of both the methods for element sizes less than 20 mm
(50 elements per unit length) and soil depth above 0.6 m. Similar trend were also observed
for the other soil models. As a result, the grid with the element size of 20 mm and the
height of 0.6 m was selected for both the FE and SPH parametrization tests. Lescoe [25]
and Dhillon [26] also conducted such grid convergence tests and proposed a mesh of 25 mm
element size for the FE and SPH soil model simulations.
146



































Figure 5.5: Variations in the pressure obtained from the FE and SPH methods for the
high density wet sand in response to 60 mm plate sinkage as a function of: (a) number of
elements per unit length; and (b) soil box height
5.3 Results and discussions
5.3.1 Model veriﬁcation: Pressure-volumetric deformation test
The pressure-volumetric deformation characteristics of the selected soils are evaluated
via the volumetric deformation test simulations. In these simulations, 600 mm of the soil,
meshed with 20 mm cubic elements, is subjected to a range of pressures (up to 1000 kPa)

























Unwashed Sand - Model
Unwashed Sand - Measured
LD Dry Sand - Model
LD Dry Sand - Measured
HD Wet Sand - Model
HD Wet Sand - Measured
HD Flooded Sand - Model
HD Flooded Sand - Measured
Figure 5.6: Comparisons of volume reduction-pressure characteristics predicted from the
computational models with the reported measured data for selected soils [146] (LD: Low
Density; HD: High Density)
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applied to the top surface, while all the other boundaries of the soil are held in frictionless
contact with rigid walls. The volume reduction ratios ∆V/V◦ of each soil are obtained as a
function of the applied pressure, as shown in Figure 5.6. In the ﬁgure, the simulation results
are compared with reported measured data [146]. For the purpose of comparisons with the
measured data, the hydrostatic state was maintained during simulations by letting a◦ =
a1 = a2 = 0 in Equation (5.2). This permitted to exclude the inﬂuence of soil shear strength
in the simulations. The comparisons show very good correlations between the predicted
volume reductions (continuous lines) with the reported measured data (symbols) obtained
from the uniaxial strain tests over a range of applied pressures. The material constitutive
model is thus considered valid for predicting the volume reduction characteristics of selected
soils under pressure loading.
5.3.2 Comparisons of the FE and SPH soil models
Figures 5.3(a) and 5.3(b) show deformed shapes of the FE and SPH soil models
for the unwashed sand, which suggest considerable diﬀerences between the two analysis
methods. In the FE model, the rigid plate cannot truly penetrate into the soil due to
constraints imposed by common shared nodes of the adjacent solid elements. The entire
block of soil thus behaves like a sponge, which cannot be considered to represent the actual
soil behavior in response to the plate sinkage. In the SPH model, the rigid plate sinks
into the soil by shearing the coupling between the aﬀected soil particles. Moreover, in
the FE model, the aﬀected elements couple only with immediate neighboring elements,
and must constantly comply with the mesh pattern while displacing. On the other hand,
the deformations of SPH particles are not constrained by any pattern, and the particles
coupling occurs over wider regions compared to the ﬁnite elements. This feature of SPH
permits the soil particles to envelop the plate (or any penetrating object) as it sinks into
the soil. This tendency represents actual soil sinkage more closely. The SPH method,
however, is computationally more demanding compared to the FE method. For a 10 s
real-time pressure-sinkage simulation, the computation time for the SPH model was nearly
4.4 times that of the FE model.
The pressure distributions obtained from the FE and SPH models of the unwashed
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sand under a 60 mm plate sinkage are shown in Figures 5.7(a) and 5.7(b). The comparisons
show that the FE model overestimates the pressures and thus the contact forces compared
to the SPH model. The observed diﬀerences are attributed to diﬀerences between the two
analysis methods. In the SPH soil model, the contact force is produced by compacted
soil particles underneath the plate in response to the penetration loading. In the FE soil
model, the tensile resistance of the stretched elements located near the edges of the plate
yield additional force apart from that caused by the compressed elements. This additional
force does not occur in the SPH model since the motion of particles is not constrained by
the meshing as in the FE model.
(a) (b)
Figure 5.7: Pressure distributions obtained from (a) FE and (b) SPH soil models (quarter)
under 60 mm plate sinkage for the unwashed sand
Notable diﬀerences are evident between the pressure-sinkage characteristics of selected
soils obtained from the FE and SPH soil models, as seen in Figure 5.8. The results from
the FE model of the unwashed sand exhibits a steep increase in the pressure during the
initial 20 mm sinkage and near saturation of pressure under sinkage above 20 mm. This
is likely due to failure of this type of sand, leading to only small increase in pressure with
further sinkage. The SPH model for this soil, however, exhibits rapid increase in pressure
only under initial sinkage up to about 1.5 mm, which is followed by nearly linear increase
in pressure. As expected, the FE method overestimates the pressure compared to the SPH
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method, as stated above. Similar trends are also evident from the results obtained for
other types of soils.










































































Figure 5.8: Pressure-sinkage properties obtained from the plate-sinkage test simulations
with a circular 150 mm radius plate using FE and SPH models of diﬀerent soils: (a)
unwashed sand, (b) low density dry sand, (c) high density wet sand, and (d) high density
ﬂooded sand
The results obtained from the ﬂooded sand model simulations, however, are somewhat
comparable for both methods under sinkages not exceeding 20 mm. The results obtained
for higher sinkage could not be considered valid due to instability problems. Owing to
the lack of moisture content, the results for the dry sand revealed negligible pressure from
both the methods under unconﬁned pressure-sinkage test. This is also evident from the
yield surface coeﬃcients for this soil (a◦ = a1 = 0), as seen in Table 5.1, suggesting
that the strength is proportional to the square of its conﬁning pressure. The unconﬁned
pressure-sinkage simulation thus yields negligible strength. This suggests that the type 5
material model in LS-DYNA [104] is not suited for pressure-sinkage analysis of the dry
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sand. Wright [100] also showed very low pressure beneath the plate for dry sand through
pressure-sinkage test simulations in LS-DYNA using the same material model. Further,
Hambleton [28] performed sinkage tests with a non-rolling wheel using a pressure-dependent
strength constitutive model (Drucker-Prager) in ABAQUS. It was stated that for a purely
frictional soil (c = 0), nearly zero resisting pressure is obtained in response to the wheel
indentation. This resulted in very large deformations of the soil elements and solution
failures.
Figure 5.4(a) illustrates the half-model of the shear-box before loading, while Figure
5.4(b) shows the deformed shape of the SPH soil particles after application of pressure and
shear displacement. In this test, the block of soil is subjected to a shear deformation of
up to 100 mm, which leads to fragmentations of soil. Such extremely large deformations
distort the elements in a corresponding FE model of the shear-box test and invalidate the
simulation. The shear-box tests of the selected soils are thus limited only to the SPH
method.
The average processing times required for the FE and SPH soil models in diﬀerent
simulations together with the size of the soil domain and the number of elements in the FE
model as well as the number of particles in the SPH model are summarized in Table 5.3.
The simulations are performed using a 3.2 GHz Intel Xenon processor with 8 cores and 14
GB memory. For volumetric deformation and plate-sinkage simulations, the CPU time of
the SPH method was nearly 4.4 times that of the FE method. Bojanowski et al. [43] also
conducted virtual plate-sinkage tests comparing diﬀerent analysis methods, and reported
that the SPH plate-sinkage model takes 4.18 times that of the corresponding FE model.
Table 5.3: Comparisons of processing times of the FE and SPH soil models together with
soil domain size and number of elements/particles
Simulation Simulation CPU time (h) Soil domain Soil elements/particles
type time (s) FE SPH size (mm) FE SPH
Volumetric deformation 1 0.12 0.53 600× 600× 600 20700 27000
Plate-sinkage 6 0.83 3.65 600× 600× 600 20700 27000
Shear-box 10  8.5 400× 200× 240  19200
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For the shear-box test, considering 19200 SPH particles, the CPU time for a 10 s real-time
simulation was 8.5 hours. While the FE model is relatively more computationally eﬃcient
than the SPH model, the FE model exhibits notable deﬁciencies, namely, the sponge eﬀect
and unwarranted tensile forces leading to overestimation of the plate-soil interface force.
The particle-based nature of the SPH method, on the other hand, is able to more accurately
represent the soft soil, particularly under large deformations. As a result, the SPH method
is chosen for the repeated virtual plate-sinkage test simulations for parametrization of the
terramechanics-based tyre-soil interaction models.
5.3.3 Terramechanics-based model parametrization
The veriﬁed virtual soil test simulation platform is applied for parametrization of
the terramechanics-based tyre-soil interaction models. The simulation results are used to
identify model parameters describing the pressure-sinkage as well as the shear stress-shear
displacement relations for the selected soils.
Pressure-sinkage relation
The pressure p developed in soil due to sinkage z of a circular plate of radius b is








where kc, kφ and n are soil parameters, known as cohesive and frictional moduli and
exponent, respectively. These soil parameters are generally identiﬁed through repeated
pressure-sinkage tests using a bevameter [141]. In this study, these parameters are identiﬁed
using a virtual environment involving the pressure-sinkage test simulations. The plate
radius, b, in Equation (5.7), determines the size of the contact region and its contributions
to the pressure. The pressure-sinkage relation in Equation (5.7) can be rewritten as [221]:
p = kb z




The above power relation yields a linear relation between log p and log z, as:
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log p = log kb + n log z (5.9)
The slope n and the intercept log kb are subsequently identiﬁed through linear regression of
a set of (log z, log p) data obtained from the pressure-sinkage test simulations. The SPH soil
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Figure 5.9: Pressure-sinkage characteristics obtained from virtual test simulations (right
column) of diﬀerent soils and plate radii, and the corresponding ﬁtted curves (left column)
for: (a,b) unwashed sand; (c,d) high density wet sand; and (e,f) high density ﬂooded sand
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model is employed to perform the pressure-sinkage test simulations. Figure 5.9 illustrates
the pressure-sinkage characteristics of selected soils obtained from the simulations together
with the ﬁtted curves for diﬀerent plate sizes. It should be noted that the pressure-sinkage
relation for the dry sand was not attempted due to its very low cohesion. Considering
diﬀerent plate radii, ranging from 90 to 210 mm, the logarithmic pressure-sinkage data,
obtained corresponding to diﬀerent plate radii, invariably revealed linear relations for the
selected soils with correlation coeﬃcient (r2) in excess of 0.97. Table 5.4 presents the model
parameters (n and kb), identiﬁed for diﬀerent soils considering varying plate radii. The
results show that constant kb for a given soil is strongly dependent on the plate radius,
while the variations in exponent n are very small. The mean value of n is thus considered
adequate to describe the pressure-sinkage relation in Equation (5.7).
Table 5.4: Model parameters, kb and n, obtained from the virtual pressure-sinkage tests of
selected soils considering diﬀerent plate radii
Radius Unwashed sand High density wet sand High density ﬂooded sand
b (mm) n kb (kN/m
n+2) n kb (kN/m
n+2) n kb (kN/m
n+2)
90 0.5120 6981.495 0.5718 3090.985 0.5390 1670.391
110 0.5206 6699.779 0.5900 3022.367 0.5561 1651.977
130 0.5242 6674.028 0.5829 2987.260 0.5505 1626.694
150 0.5340 6649.794 0.5909 2971.881 0.5577 1605.139
170 0.5397 6645.766 0.5942 2967.058 0.5599 1587.607
190 0.5470 6619.206 0.5968 2951.082 0.5626 1566.089
210 0.5489 6578.169 0.5998 2939.078 0.5618 1541.031
From Equation (5.8), the parameter kb can be considered as a linear function of plate
curvature (1/b) with slope kc and intercept kφ. The regression analysis of the simulation
data was thus performed to obtain linear relationship between kb and 1/b, and thereby the
constants kc and kφ for each soil (Table 5.5). Figure 5.10 illustrates the goodness of ﬁt of
the simulation data (b, kb) for each soil with correlation coeﬃcient, r2, greater than 0.90 in
all cases.
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Table 5.5: Model parameters n, kc and kφ identiﬁed from the pressure-sinkage test simu-
lations for selected soils
Soil type Exponent n kc (kN/m
n+1) kφ (kN/m
n+2) Goodness of ﬁt (r2)
Unwashed sand 0.5324 53.195 6309.082 0.91
HD wet sand 0.5895 22.518 2827.607 0.98

































Figure 5.10: Pressure-sinkage simulation results illustrating variations in kb with plate
radius for selected soils: (a) unwashed sand; (b) high density wet sand; and (c) high
density ﬂooded sand
Evaluations of the identiﬁed pressure-sinkage model parameters
The pressure-sinkage test data as well as the curve-ﬁtting-based values for the soil
parameters n, kc and kφ are available for a broad range of soils, as reported in [141]. Such
experimental data, however, could not be found for the soils considered for virtual tests and
model characterizations. The eﬀectiveness of the identiﬁed parameters for the selected soils
are thus evaluated in a qualitative sense through comparisons of pressure-sinkage tendencies
with those of the reported experimental properties of diﬀerent soils. Figure 5.11 compares
the pressure-sinkage characteristics of the three selected soils with those of several other
types of soils reported in [141]. The results are presented for plate radius of 150 mm. The
plots for the selected soils are based on the parameters identiﬁed from the computational
tests (Table 5.5), whereas the plots for the other soils are based on the parameters identiﬁed
through curve ﬁtting of the experimental results obtained from the bevameter machine
(Table 5.6), as reported in [141]. The soils in Table 5.6 are arranged in the order of their
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Figure 5.11: Comparisons of the theoretical pressure-sinkage curves for the soil types pa-
rameterized in this study with those of other types of soils being experimentally parame-
terized as reported in [141]
pressure corresponding to 60 mm sinkage. The comparisons suggest highest strength of
the unwashed sand as the sinkage exceeds 30 mm. Although the strength of the heavy
clay of the US Army Waterways Experiment Station (WES) is somewhat close to that of
the unwashed sand, the pressure-sinkage trends are not comparable. The data for WES
heavy clay exhibits substantial higher rate of pressure development than the unwashed
sand under very low sinkage, which is clearly due to their large diﬀerence in the value
of the exponent n (0.13 versus 0.53). With increasing the sinkage, however, the pressure
tends to saturate for the heavy clay, while it continues to increase for the unwashed sand.
This can be attributed to the parameter kφ of the unwashed sand (6309 kN/mn+2), which
is much higher than that for the heavy clay (1556 kN/mn+2). The parameter kc and kφ of
the reported LETE sands (1, 2, 3) are comparable with those of the unwashed sand, as seen
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in Tables 5.5 and 5.6. The rate of change of pressure for the unwashed sand, however, is
substantially higher than the LETE sands, which is due to its relatively smaller exponent
(0.53) compared to the LETE sands (0.781 to 0.806).
Table 5.6: Comparisons of the identiﬁed pressure-sinkage parameters with those of other
soils being experimentally parameterized as reported in [141]
Soil type (moisture %) Exponent n kc (kN/m
n+1) kφ (kN/m
n+2)
Unwashed sand (12%) 0.5324 53.195 6309.082
Heavy clay (WES) (25%) 0.13 12.7 1555.95
Lean clay (WES) (22%) 0.2 16.43 1724.69
LETE sand 1 0.781 47.8 6076
LETE sand 2 0.79 102 5301
LETE sand 3 0.806 155.9 4526
High density wet sand (16%) 0.5895 22.518 2827.607
LETE sand 4 0.578 9.08 2166
North Gower clayey loam (46%) 0.73 41.6 2471
High density ﬂooded sand (30%) 0.5554 19.763 1464.505
Grenville loam (18.2%) 1.02 66 4486
Rubicon sandy loam (44%) 0.5 10.5 880
Clayey soil (Thailand) (55%) 0.7 16.03 1262.53
Upland sandy loam (49%) 1.00 5.7 2293
Sandy loam (Michigan) (11%) 0.9 52.53 1127.97
Dry sand (LLL) 1.1 0.99 1528.43
Sandy loam (LLL) (22%) 0.2 2.56 43.12
Snow (Harrison) 1.6 2.49 245.9
The results show that the pressures developed for the other two selected soils (high
density wet and ﬂooded sands) are considerably lower than the unwashed sand. The high
density wet sand resembles the properties of the LETE sands enumerated as 1, 2 and 3
at lower, middle and higher levels of sinkage, respectively. At lower sinkages, the pressure
is developed in the high density wet sand at a relatively higher rate than that observed
for the three LETE sands. This is due to lower exponent n of the high density wet sand
(0.58) compared to those of the three LETE sands (0.781 to 0.806). The high density wet
sand model formulated in the present study, however, exhibits relatively lower pressure
corresponding to the highest sinkage of 60 mm, when compared to those of the LETE
sands. This can be attributed to lower kc and kφ values of the high density wet sand than
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the LETE sands. The results also show that the strength of the high density ﬂooded sand
considered in the study is comparable to that of the North Gower clayey loam, reported in
[141]. The high density ﬂooded sand, however, shows a higher rate of pressure under lower
sinkage and a lower ﬁnal pressure compared to the North Gower clayey loam. This is due
to the higher exponent n of the high density ﬂooded sand together with its lower kc and
kφ values compared to the North Gower clayey loam.
Shear stress-shear displacement characteristics









where K is a soil parameter known as the shear displacement modulus, and τmax represents
the shear strength of soil, which depends on its conﬁning pressure, p, through the Mohr-
Coulomb failure criterion, such that:
τmax = c+ p tanφ (5.11)
where c and φ are soil parameters known as cohesion stress and angle of shear resistance,
respectively. These parameters are generally determined from data obtained through shear
ring tests using the bevameter machine [18]. In this study, the SPH soil model is used to
perform virtual shear-box test simulations, and the results are used to identify the shear
model parameters. In the shear-box test simulations, a pre-selected pressure p is initially
applied to the soil particles through the top plate, which is free to move in the vertical
direction, as illustrated in Figure 5.4(b). Subsequently, a desired shear displacement is
applied in a ramp manner by gradually moving the bottom half of the shear-box in the
horizontal direction, as shown in Figure 5.4(b). The resulting shear force is used to estimate
the shear stress of the soil as a function of the applied shear displacement. The simulations
are repeated considering diﬀerent applied pressures, ranging from 0 to 700 kPa, and for
each pressure, the shear stress is plotted versus shear displacement.
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Figure 5.12 illustrates the shear stress versus shear displacement characteristics ob-
tained from the shear-box test simulations for the four selected soils under diﬀerent applied
pressures. It is observed that the shear stress initially increases in a nonlinear manner with
increase in the shear displacement, and tends to saturate at certain shear displacement
depending on the applied conﬁning pressure. The shear strength of each soil corresponding
to a given applied pressure, τmax(p), is then identiﬁed as the saturation level (maximum)
of the shear stress. The shear displacement modulus K in Equation (5.10) is also identiﬁed
from the simulation results, considering rate of change of shear stress with respect to the
shear displacement. Diﬀerentiating Equation (5.10) with respect to the shear displacement


































































































































Figure 5.12: Shear stress-shear displacement curves obtained from shear-box test simula-
tions using SPH method and the theoretical relation (Equation (5.10)) considering varying
conﬁning pressures and selected soils: (a) unwashed sand; (b) low density dry sand; (c)













The above suggests that slope of the stress-displacement curve in the vicinity of zero
displacement is inversely related toK (τmax/K). The slope of the shear stress-displacement
curve corresponding to each conﬁning pressure is thus computed for deriving the value of
K. Table 5.7 summarizes the identiﬁed soil shear parameters K and τmax for a range of
conﬁning pressures up to 700 kPa for the selected soils. The identiﬁed model parameters
are further used to predict shear stress-shear displacement properties of selected soils using
Equation (5.10). The shear stress-shear displacement characteristics obtained from the
shear-box test simulations are compared with those estimated from Equation (5.10), as
presented in Figure 5.12 for diﬀerent pressures.
Table 5.7: Identiﬁed values for the soil shear properties K and τmax, obtained from virtual
shear-box tests at varying conﬁning pressures for selected soils
Pressure Unwashed sand LD dry sand HD wet sand HD ﬂooded sand
(kPa) K (mm) τmax (kPa) K τmax K τmax K τmax
0 0.55 15.4 0.01 0.04 1.5 8 0.19 2.3
100 0.76 70 4 57 4 76 2.1 58
200 1.72 148 8 119 7.55 155 4 120
300 2.4 210 14 192 8.9 208 6.4 195
400 2.9 260 19 251 12.6 289 8.6 263
500 4.1 345 24 320 14 335 11.5 325
600 4.8 410 27 364 18 411 12 368
700 5 445 30 428 23.2 510 13 430
The Mohr-Coulomb failure criterion, Equation (5.11), characterizes the soil strength
τmax as a linear function of the conﬁning pressure p with slope of tanφ and intercept
of c. The constants c and tanφ are thus identiﬁed through linear regression analysis of
the (p, τmax) data obtained from the simulations (Table 5.7). Table 5.8 summarizes the
identiﬁed shear parameters c and φ. Figure 5.13 further illustrates variations in maximum
shear stress with applied pressure obtained from the shear-box test simulations together
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with the goodness of ﬁt with correlation coeﬃcient (r2) in excess of 0.99 for all the selected
soils.
Table 5.8: Soil shear model parameters K, c and φ identiﬁed from the shear-box test
simulations for selected soils
Soil type K◦ (mm) γ (mm/kPa) c (kPa) φ◦
Unwashed sand 0.3208 0.007 15.083 32.49
LD dry sand 0.0042 0.045 0.017 31.72
HD wet sand 1.0125 0.0292 6.917 34.67
HD ﬂooded sand 0.3958 0.0195 2.375 31.89


























































































Figure 5.13: Variations in maximum shear stress with varying conﬁned pressure, obtained
from the shear-box test simulations of selected soils and the linear regression curves: (a)
unwashed sand; (b) low density dry sand; (c) high density wet sand; and (d) high density
ﬂooded sand
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The results in Table 5.7 show that the shear displacement modulus K varies consid-
erably with the conﬁning pressure. Reported studies generally consider mean value of K
for a given soil [31], which may yield notable errors in the shear stress-shear displacement
properties of the soil. Figure 5.14 illustrates variations in the shear displacement mod-
ulus K over the range of conﬁning pressures considered in the study, which show linear
variations in K with correlation coeﬃcient (r2) in excess of 0.98 for all the selected soils.
Considering K(p) = K◦+γp, the constants K◦ and γ for the selected soils are summarized
in Table 5.8.



























Figure 5.14: Variations in shear displacement modulus (K) with varying conﬁned pres-
sure (p), obtained from the shear-box test simulations and the linear regression curves for
unwashed sand, low density dry sand, high density wet sand and high density ﬂooded sand
Evaluations of the identiﬁed shear parameters
The validity of the identiﬁed values for the soil shear parameters c and φ is evaluated
through comparisons with those identiﬁed via actual experiments performed by the triaxial
machine [146] for the selected soils, as summarized in Table 5.9. The results for the angle
of shear resistance, φ, show very good agreements with the experimental data. The peak
deviation between the predicted and measured values is below 2.3%, which is observed
for the low density dry sand and high density wet sand. The identiﬁed values for the
cohesive stress, c, are also found to be comparable with the experimental results for the
low density dry sand and the high density wet sand. However, the values obtained for
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the unwashed sand and the high density ﬂooded sand are overestimated compared to the
experimental data. These overestimations can be attributed to the simplicity of the shear-
box test, where during application of the shear displacement, the conﬁning pressure cannot
be held constant and tends to increases slightly. In a triaxial test, the conﬁning pressure
is controlled to be constant and under hydrostatic state. Wright [100] also identiﬁed soil
shear parameters for a sample of sandy loam via performing both the shear-box and the
triaxial compression tests. The study showed overestimation of the cohesive stress from
the shear-box test (2.67 kPa) compared to that obtained from the triaxial compression test
(1.33 kPa).
Table 5.9: Comparisons of the soil shear model parameters (c and φ) obtained from the
shear-box test simulations with the reported data [146]
Virtual shear-box test Actual experiment Percentage error
Soil type c (kPa) φ◦ c (kPa) φ◦ c (%) φ (%)
Unwashed sand 15.083 32.49 11.721 32.9 22.29 -1.26
LD dry sand 0.017 31.72 0 31  2.27
HD wet sand 6.917 34.67 6.895 33.9 0.32 2.22
HD ﬂooded sand 2.375 31.89 1.724 32.2 27.41 -0.97
5.4 Conclusions
The eﬀectiveness of the computational soil model is demonstrated to serve as a virtual
test platform for identifying terramechanics-based tyre-soil interaction models. The soil
models formulated using the FE and SPH methods revealed considerable diﬀerences in the
pressure-sinkage test simulations, while the computing time for the SPH model was nearly
4.4 times longer than the FE model. Comparisons of the deformed shapes of the two soil
models suggested that the SPH model can more realistically represent the penetration of
the plate into the soil and soil fragmentations. In the FE method, the body of soil behaves
like a unit of sponge, while the particle-based nature of the SPH method permits the soil
particles to envelop the plate as it sinks into the soil. Moreover, the FE model yields
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relatively higher contact force due to tensile force of the stretched elements near the edges
of the plate. The SPH method is more suited for the shear-box test since it permits soil
disintegration under large shear deformations.
From the pressure-sinkage test simulations, it is shown that the pressure-dependent
material model can accurately predict the pressure-sinkage characteristics of all the se-
lected soils except for the dry sand due to its non-cohesive feature. The eﬀectiveness of
the pressure-sinkage simulation tests and the identiﬁed Bekker's relations is demonstrated
through comparisons with those of several other soils parameterized using the bevameter
technique. The results obtained from shear-box test simulations provided convenient mean
for parametrization of Bekker's shear stress-shear displacement relations for the selected
soils. These revealed good agreements with those determined from the triaxial compression
tests for the selected soils. In Part II of the work, the proposed parametrization methodol-
ogy is further assessed through evaluations of the terramechanics-based tyre-soil interaction
models for predicting stress distributions as well as the contact forces and moments for the
stationary, rolling and steered tyres.
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Chapter 6
A Virtual Test Platform for Analyses of
Rolling Tyre-Soil Interactions: Part II 
Evaluations of Terramechanics Models
6.1 Introduction
Dynamic performance of oﬀ-road vehicles is directly related to forces and moments
generated by interactions of the rolling tyres with deformable terrains. Dynamics perfor-
mance simulations of oﬀ-road wheeled vehicles, however, involve considerable challenges
related to modeling of the sub-system describing the tyre-terrain interactions. The model-
ing of tyre-terrain interactions has been the subject of many reported studies. The models
describing the tyre-terrain interactions may be grouped into two broad categories: (i) the-
oretical models describing the phenomenological behavior of the soil under a penetrating,
rolling or steered wheel; (ii) Computational models based on Finite Element (FE) and
Smoothed Particle Hydrodynamics (SPH) formulations of the soils.
Wong and Reece [19, 20] proposed a phenomenon-based model for estimating contact
forces developed underneath a rolling wheel through integration of the radial and shear
stresses developed at the contact interface. The stresses were estimated as functions of
the normal and shear displacements of the soil using the phenomenological formulations
proposed by Bekker [18]. For a rolling tyre, apart from the sinkage and shear deformations
of soil, the arising stresses are also highly aﬀected by the degree of slip (or skid). The
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forces generated beneath the driven and towed wheels thus require diﬀerent formulations
[19, 20].
The terramechanics-based models have been widely used in dynamic simulations of
oﬀ-road vehicles [111, 150, 153] as well as planetary exploration rovers [2123] for estimat-
ing forces/moments developed at the wheel-soil interface. The majority of these studies,
however, neglect the contributions due to ﬂexibility of the pneumatic tyre in the interest
of focusing on modeling the soft soil characteristics [19, 21, 149, 155, 222224]. A vast
number of analytical pneumatic tyre models have also been reported using semi-empirical
[63, 64] and physics-based [1, 3, 65, 218, 225, 226] approaches. These studies, however,
have mostly assumed the terrain undeformable so as to focus on tyre responses to terrain
irregularities, and relatively fewer studies have considered both the tyre and soil deformable
[152154, 227].
Although phenomenological formulations permit wheel-soil interactions analysis in a
highly eﬃcient manner when compared to the computational models, these require calibra-
tions for every individual soil. The phenomenological models are invariably identiﬁed from
measured data obtained using diﬀerent test devices such as the bevameter machine, the
shear-box and the triaxial apparatus [141]. The reported tyre-soil models employing semi-
empirical or phenomenological formulations of soils facilitate simulations of dynamic per-
formance of oﬀ-road vehicles in an eﬃcient manner, while these provide only limited under-
standing of the physics of the soil behavior under a rolling pneumatic tyre. Moreover, these
provide only limited guidance towards design of tyres operating on deformable terrains.
This is due to lack of consideration of structural details and elastic properties of a pneu-
matic tyre as well as the plastic characteristics of the soils under the tyre loads [153, 154].
Alternatively, numerical approaches such as the ﬁnite element methods have been applied
for accurate modeling of tyre-soil interactions with focus on physical properties of both
the pneumatic tyre and the soil as deformable structures [24, 27, 29, 30, 150, 161, 163].
A large number of ﬁnite element structural tyre models have been developed with widely
diﬀerent levels of complexity ranging from a simple inﬂated airbag of membrane elements
[79, 80, 82] to detailed structural models representing the multi-layered composite struc-
ture of a pneumatic tyre [10, 12, 32, 108, 109, 206]. These models have provided accurate
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predictions of the tyre dynamic responses in diﬀerent vehicle maneuvers on rigid roads
[12, 15, 82, 87, 98, 206]. Such tyre models, however, are not suited for vehicle dynamics
analyses due to their high computational demands. Applications of such comprehensive
tyre models to deformable terrains pose far more computational demands. Consequently,
the vast majority of the tyre-soil interaction studies have used either simpliﬁed pneumatic
tyre models [24, 26, 27, 30, 100] or rigid wheel models [25, 29, 110, 228] to achieve a com-
promise between the accuracy of the simulation results and the computational eﬃciency
of the tyre-soil model.
The reported computational tyre-soil models have established that the Finite Element
(FE) methods are well suited for modeling the composite structure of the pneumatic tyre
[10, 12, 109]. The FE methods, however, have shown limitations for modeling the soft soils,
which are mostly associated with the mesh-based nature of the FE method [25, 38, 43].
The soil mesh in a FE model tends to deform like a sponge, which is not representative of
the soil behavior. The elements in a soil mesh are deﬁned via shared nodes, which cannot
be disconnected from the adjacent elements in order to accommodate and envelop the pen-
etrating object [25, 26, 43]. This sponge eﬀect also tends to yield inaccurate estimations
of contact forces due to the undesirable contributions of tension actions by the stretched
elements [25, 26, 38]. Alternatively, the mesh-less methods such as the Smoothed Particle
Hydrodynamics (SPH) techniques could overcome the above-stated mesh-related limita-
tions [25, 26, 36, 180]. The reported studies have shown that the mesh-less SPH methods
can provide more realistic soil behavior than the traditional FE methods, particularly when
large deformations and fragmentations of soil materials are encountered [25, 40, 180].
This study is aimed at analysis of contact forces developed at the interface of a rolling
tyre with the soil. The soil models established from the virtual testing platform, developed
in Part I, are used to describe the pressure-sinkage and shear stress-shear displacement
relations for two diﬀerent soils. A FE model of a pneumatic tyre is subsequently integrated
to the soil model to create a virtual simulation tool for analyses of tyre-soft soil interactions.
Owing to the excessive computing demands of both the FE tyre and SPH soil models,
a computationally eﬃcient pneumatic tyre model, developed using the Part-Composite
approach in LS-DYNA, is employed. The simulations are performed for two diﬀerent tyre
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models: a low-pressure tyre model to study the interactions of a compliant wheel with the
soil; and a rigid tyre model representing high pressure wheel penetrating the soil. The
coupled tyre-soil model is further used to assess eﬀectiveness of the terramechanics-based
tyre-soil models formulated using the virtual test simulations environment in Part I of this
work. The assessments are based on the responses in terms of radial and tangential stresses
as well as the contact forces and moments developed underneath the tyre under diﬀerent
maneuvers involving penetrations of the stationary, driven, towed and steered tyre into the
soft soil.
6.2 Terramechanics-based wheel-soil interaction models
The terramechanics-based pressure-sinkage and the shear stress-displacement charac-
teristics were parameterized using virtual test simulations for a number of selected soils
in Part I of this study. The eﬀectiveness of the identiﬁed parameters are evaluated via
comparisons of the stress distributions and contact forces/moments obtained from the
terramechanics-related formulations with those predicted from the virtual tyre-soil test
platform. These comparison involve the stresses and forces/moments developed under a
penetrating tyre/wheel into the soil in stationary, rolling and steering maneuvers. The
terramechanics-related formulations for estimating the tyre/wheel-soil contact forces and
moments are brieﬂy presented below.
Figure 6.1 illustrates the schematic of the terramechanics-based tyre/wheel-soil model.
The contact interface is represented by an arc of radius R, which is larger than the free
tyre radius r, to account for the deformed tyre geometry eﬀect [152]. The angular position
along the contact patch is deﬁned by the angle θ, while its boundaries, θ1 and θ2, deﬁne














The rut recovery ηz is considered proportional to the sinkage z using a sinkage ratio η [19].
The vertical contact force Fz generated due to sinkage z of a stationary pneumatic tyre















Figure 6.1: Terramechanics-based tyre-soil interaction model




σr(θ) cos θ dθ (6.2)
where b is the width of the contact interface. Assuming that the radial reaction stress over
a small element of the tyre is equal to the pressure beneath a plate penetrating to the
same depth, the radial stress distribution along the contact interface, σr(θ), is formulated








where kc, kφ and n are the Bekker's pressure-sinkage relation parameters [18]. For a
stationary tyre, with a sinkage ratio η = 1, the maximum radial stress occurs at a point
beneath the wheel with angular position θm = 0. Assuming similar distributions for the
radial stress in the front and rear portions of the contact region, coordinates of the contact
points within the front (θf ) and rear (θr) portions possessing identical radial stress are
related as [19]:
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θf = θ1 − (θ1 − θm) θr − θ2
θm − θ2 (6.4)
The distribution of the local sinkage ζ(θ) is subsequently formulated as:
ζ(θ) =











(θ2 6 θ < θm)
(6.5)
6.2.1 Forces and moments developed under a rolling wheel
The longitudinal (Fx) and normal (Fz) contact forces developed beneath a rolling
wheel, and the rolling moment (My) are attributed to the shear stress τx in addition of the














The shear stress distribution along the contact region, τx(θ), is estimated as a function
of the shear displacement jx(θ) using the Bekker's relation in conjunction with the Mohr-
Coulomb failure criterion [18], such that:







where c, φ and K are soil shearing parameters, which have been identiﬁed from the virtual
shear-box test simulations presented in Part I of this study.
Driven wheel
From Equations (6.3) and (6.5), it is evident that the position of the maximum radial
stress, θm, inﬂuences the local sinkage ζ(θ) and thus the radial stress distribution σr(θ).
For a stationary tyre, the maximum radial stress occurs beneath the wheel center (θm = 0).
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Reported experimental studies on diﬀerent sands [19, 149] have shown that the radial stress
distribution under a rolling wheel is a function of the longitudinal slip. For a driven wheel,
the maximum radial stress occurs in front of the wheel center, such that:
θm = (c1 + c2 i) θ1 (6.10)
where c1 and c2 are parameters characterizing the relative position of the maximum radial
stress and its dependence on the slip ratio. Experimental studies [19, 149] have further
shown that the shear stress beneath a driven wheel is rearward throughout the contact
region. The local shear displacement jx(θ) for a driven wheel is formulated via integrating
the relative velocity of a point on the wheel with respect to the velocity of the rearward





R [1− (1− i) cos θ] dθ = R [(θ1 − θ)− (1− i)(sin θ1 − sin θ)] (6.11)
Towed wheel
Experimental studies [20, 149] have shown that under a towed wheel, there exists a
transition point, where the tangential stress changes its direction from opposite to wheel
rotation (positive) to the direction of wheel rotation. The radial stress at this transition
point θ◦ is thus considered as the principal stress. Furthermore, θ◦ can be considered
as the point of maximum radial stress, θm. Unlike the driven wheel, the front contact
zone of shear stress with positive sign (forward) is considerably large for the towed wheel.
The shear stress developed due to the towed wheel thus necessitates consideration of the
relatively large front zone of shear stress (θ◦ 6 θ 6 θ1), particularly at high degrees of
skid. The location of this transition point, θ◦, is determined based on the theory of plastic













where i is the wheel skid ratio, and φ is the angle of shearing resistance for soil. Considering
the transition in the shear stress distribution, the distribution of the shear displacement




sin θ1 − sin θ◦(θ1 − θ◦
θ1 − θ
) − (sin θ1 − sin θ)
 (θ◦ 6 θ 6 θ1)
R[(θ◦ − θ)− (1− i)(sin θ◦ − sin θ)] (θ2 6 θ < θ◦)
(6.13)
It should be noted that shear displacement distribution in rear zone (θ2 6 θ < θ◦) is same
as that for a driven wheel, as seen in Equation (6.11). The shear displacement jx(θ) in the
front zone (θ◦ 6 θ 6 θ1) is formulated via integrating the relative velocity of a point on
the wheel with respect to the velocity of the upward soil ﬂow.
6.2.2 Forces and moments developed under a steered wheel
The lateral contact force Fy and self-aligning momentMz developed by a driven steered
wheel due to the side-slip angle α is estimated through integrating the lateral shear stress









τy(θ) sin θ dθ (6.15)
The lateral shear stress distribution τy(θ) is estimated as a function of the lateral shear
displacement jy(θ) using the Bekker's relation in conjunction with the Mohr-Coulomb
failure criterion [18], such that:







where c, φ and K are soil shearing parameters. For a steered rolling (driven) wheel, the
lateral shear displacement jy(θ) is formulated via integrating the lateral component of the





R(1− i) tanα dθ = R(1− i)(θ1 − θ) tanα (6.17)
6.3 Computational tyre/wheel-soil models
The virtual soil test and simulation platform, developed in ﬁrst part of this study, is
further enhanced by integrating both the FE and SPH soil models to the ﬁnite element
model of a stationary as well as rolling pneumatic tyre. The integrated test platform is for-
mulated so as to simulate the tyre-soil interactions in the stationary, rolling and steered tyre
maneuvers. Two diﬀerent FE models of the tyre are considered in the study. These include
a low-pressure tyre model to study the eﬀect of tyre compliance on the tyre-soil interactions,
and a rigid wheel model characterizing a high pressure wheel penetrating/compacting the
soft soil.
6.3.1 Finite element model of the pneumatic tyre
A wide range of structural tyre models using FE modeling techniques have been re-
ported [10, 12, 32, 79, 98, 108]. Some of these models have been developed considering the
multi-layered composite structure of the pneumatic tyre [10, 32, 108], while others have
represented the tyre via a single layer with equivalent orthotropic properties [12, 79, 98].
The validity of such tyre models for predicting vertical responses, modal properties, trac-
tion/braking and cornering forces has also been demonstrated in a few studies on the basis
of experimental data [12, 108]. Such tyre models, however, pose considerable demands on
computing tyre dynamic responses. Integration of such tyre models to the FE or SPH soil
models may pose further challenges in view of the computational complexities. A compu-
tationally eﬃcient structural model of a radial-ply truck tyre (295/75R22.5), reported in
[191], is thus selected in this study. This tyre model was formulated based upon simpli-
ﬁcation of a comprehensive structural tyre model [109], considering the carcass and belts
as multiple individual layers of solid and shell elements so as to separately account for
the rubber matrix and the reinforcing ﬁbers. The comprehensive model was simpliﬁed by
compressing the stack of individual solid and shell elements into single-layered elements
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with multi-layered conﬁguration using the Part-Composite approach in LS-DYNA [107].
The approach permits representation of multiple plies by a single composite element and
thereby yields substantial reduction in the number of elements. The inﬂuences of the mate-
rial, thickness and cord angle properties of diﬀerent plies are incorporated in each composite
element by automatically arranging the pertinent integration points through the thickness
of the layered element. Using this method, the individual elements that separately account
for the rubber matrix and the reinforcing ﬁbers could be lumped together and represented
as a single layer of shell elements with multi-layered deﬁnition. This simpliﬁcation resulted
in 63.5 % reduction in the number of elements compared to the comprehensive tyre model
[109], and thus enhanced the computational eﬃciency. The method of simpliﬁcation is
described in details in [191]. The study also demonstrated validity of the simpliﬁed tyre
model in terms of vertical force-deﬂection, cornering force/moment and vibration charac-
teristics through comparisons of the results with the available experimental data [12] as
well as with those obtained from the comprehensive tyre model on a rigid surface [109, 190].
Figure 6.2(a) illustrates the exploded view of the simpliﬁed tyre model structure,
which includes the major components of a pneumatic tyre, namely, carcass, belts, tread
and bead ﬁllers. The sidewalls are represented via a single layer of composite shell elements
containing two plies of elastic materials for the rubber matrix together with three plies of
the orthotropic material and radial cords reinforcements. The crown region is also modeled
using a layered composition made of two plies of elastic materials accounting for the rubber
matrix in the carcass and belt, respectively. The belt rubber matrix is reinforced by two
orthotropic plies with cords aligned at angles of±22◦, while the rubber matrix of the carcass
comprises an orthotropic ply of radial cords. The tread and bead ﬁllers are represented by
solid elements with hyper-elastic rubber material properties. The mesh of the tread was
modiﬁed such that the grooves are entirely omitted so as to reduce the processing time for
the contact algorithm at the interface of the tread elements with the soil particles in the
SPH model.
Figure 6.2(b) illustrates the three-dimensional ﬁnite element mesh of the simpliﬁed
tyre model, which is created via revolving the tyre cross-section about the tyre axis at
equal increments. After a grid study, a ﬁnite element mesh with 96 equal sectors, being
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(a) (b)
Figure 6.2: (a) Exploded view of the simpliﬁed tyre model structure, and (b) three-
dimensional ﬁnite element mesh considered for both the pneumatic tyre and the rigid
wheel models, chosen from a previous study [191]
reﬁned to 192 subdivisions for smoothing the outer circumferential regions, was selected
for the tyre dynamics simulations, as described in [191]. Considering the above-mentioned
number of divisions and subdivisions, the tyre model includes 4992 solid rubber elements
as well as 3840 composite shell elements. The tyre mesh is subsequently coupled with a
wheel rim, made of 2304 rigid shell elements, using shared nodes.
The material models applied to the simpliﬁed tyre model together with the element
formulations used for diﬀerent components of the tyre structure model have been described
in details in [109, 191]. Brieﬂy, the elastic material model (type 1), available in the LS-
DYNA material library [104], was used to describe the rubber matrix, while the material
data were taken from [198]. The ﬁber-reinforced plies were described using the composite
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material model (type 22) [104], with orthotropic properties derived from those of pure rub-
ber and twisted cords. Multiple plies of the rubber matrix and the reinforcing ﬁbers with
pertinent material properties, thicknesses and ﬁber orientations were combined and repre-
sented by composite shell elements. These multi-layered elements were formulated using
the fully-integrated shell element (type 16) [199] in conjunction with the hourglass energy
control type 8, which activates warping stiﬀness for the shell type 16 to enhance solution
accuracy. The solid elements representing the tread and bead ﬁllers were modeled using the
Mooney-Rivlin material model (type 27) [104], with material parameters extracted from
[12]. These elements were formulated using the one-point-integration solid elements (type
1) together with the hourglass energy control type 5 [107]. The wheel rim was modeled as
a rigid body using the rigid material model (type 20) [104]. The tyre inﬂation pressure was
modeled via applying a uniformly distributed normal load to the inner layer of the carcass
elements.
6.3.2 Finite element model of the rigid wheel
An alternate rigid wheel model is also constructed to study its interactions with the
soil. The model is formulated with geometry identical to that of the simpliﬁed tyre model,
as seen in Figure 6.2(b). The constitutive models, however, are changed to the rigid
material model (type 20). Both the pneumatic tyre and rigid wheel models were employed
in the stationary tyre sinkage test simulations to investigate the tyre-soil contact interface
characteristics in the presence/absence of the tyre compliance property. The simulation
results were used to determine the radius and angular boundaries of the contact interface,
the penetration depth and the tyre vertical deﬂection. A relatively lower inﬂation pressure
of 483 kPa (70 psi) is used for the pneumatic tyre model in the sinkage test simulations
so as to study the inﬂuence of the tyre compliance on the contact interface characteristics.
The rigid wheel model was also found to be useful in the rolling tyre test simulations,
particularly for characterizing the radial and tangential stress distributions in the FE and
SPH soil models. The characterization of the tyre-soil contact properties under a rolling
tyre poses considerably higher computational demand due to requirement of a relatively
lengthy route of soil elements (or particles). In this situation, the rigid wheel model can
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facilitate simulations with greater computational eﬃciency as it eliminates the excessive
processing time associated with the tyre elements, and permits more thorough analysis of
soil elements. The computing eﬃciency of the wheel model is further enhanced by taking
advantage of the symmetry in the tyre geometry. Three diﬀerent mesh constructions are
thus considered for diﬀerent tests: (i) a quarter tyre mesh for the stationary tyre sinkage
test simulations; (ii) a half mesh for the rolling tyre simulations; and (iii) a full mesh for
the steered tyre simulations.
6.3.3 Integrated tyre/wheel-soil models
Both the FE and SPH soil models, described in Part I of the study, are integrated to
the simpliﬁed FE tyre model to formulate a virtual tyre-soil interaction platform. The in-
tegrated model is formulated for two diﬀerent types of soils, namely: a high density clayey
sand, referred to as the unwashed sand, and a coastal sand, known as the high density
wet sand, whose properties have also been described in Part I. Similar to the case of rigid
plate-soil contact, the contact between the tyre/wheel elements and the FE soil elements is
described using the automatic surface to surface contact algorithm in LS-DYNA [105, 107].
The Coulomb friction is considered to account for the tyre-soil frictional contact, while the
static and dynamic coeﬃcients of friction are selected as 0.55 and 0.5, respectively, to sim-
ulate a deformable surface [142]. The pinball segment base contact algorithm (SOFT=2)
is activated in conjunction with applying 10% viscous damping perpendicular to the con-
tacting surfaces so as to smooth the tyre-soil contact and maintain stable rolling wheel
simulations. The contact between the tyre/wheel elements and the SPH soil particles,
however, is modeled using the automatic nodes to surface contact algorithm in conjunction
with the soft constraint formulation (SOFT=1), while the soil and tyre are considered as
the slave and master parts, respectively. An oﬀset thickness is deﬁned for the SPH soil
particles in the contact model to consider the radius of the soil particle spheres in the
contact solution.
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Soil domains and simulation scenarios
Soil domains for the couple tyre-soil simulation models are deﬁned considering three
diﬀerent simulation scenarios, namely: (i) stationary tyre/wheel sinkage test; (ii) rolling
wheel test; and (iii) steered wheel test. Owing to the excessive computational demand of
the rolling tyre-soil model, the simulations in scenario (ii) and (iii) are limited only to the
rigid wheel model.
The stationary tyre-sinkage test simulation is conducted to evaluate tyre/wheel pene-
tration into a (600×600×600 mm) rectangular soil domain. Taking advantage of symmetry
of the tyre and the soil sample, only a quarter of the soil box and the tyre is modeled.
The soil box is meshed with (30 × 30 × 23 = 20700) elements in the FE model, and
(30 × 30 × 30 = 27000) particles in the SPH model. The depth of the FE soil model is
meshed with 23 elements, which includes 15 uniformly-distributed elements of 20 mm size
up to the half-depth and 8 non-uniformly-distributed elements with growing increments
of 5 mm toward the end of the soil depth. The simulations are performed using the rigid
wheel model, representing a high inﬂation pressure tyre, and a pneumatic tyre model with
low inﬂation pressure to study the eﬀect of the tyre compliance. In this simulation, the
tyre/wheel is subjected to 60 mm vertical displacement inward the soil over a duration of
6 s in a ramp manner. The simulation results are used to characterize the radius and the
angular boundaries of the contact interface (Figure 6.1) as well as the vertical deﬂection
of the tyre and depth of penetration into the soil, which are subsequently used in the
terramechanics-based tyre-soil models. The stress distributions along the contact region
and thereby the vertical contact force obtained from the terramechanics-based models are
compared with those predicted by the couple tyre-soil simulation model in order to evaluate
the eﬀectiveness of the identiﬁed soil parameters and terramechanics models.
For the rolling wheel test simulations, a route of soil, made of either elements or
particles, is subjected to the rolling wheel. The test is conducted in two sequential stages.
The wheel initially penetrates into the soil to a certain depth (60 mm) in 1 s. In the second
stage, the wheel is permitted to roll at a deﬁned speed (5 km/h) for 2 s, while its sinkage is
held constant. Owing to symmetry of the wheel and soil geometries in the x-z plane, a half
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soil model (3980×600×600 mm) is used for the rolling wheel simulations, which is meshed
with (199 × 30 × 23 = 137310) elements in the FE model, and (199 × 30 × 30 = 179100)
particles in the SPH model. The length of the route was taken as 3980 mm so as to
provide 2 s rolling simulation in addition of approximately 600 mm bounds on either side
of the route. The radial and tangential stress distributions, and the longitudinal contact
force and the resulting moment obtained from the terramechanics-based formulations are
compared with those predicted from the rolling wheel-soil simulation model to examine the
eﬀectiveness of the identiﬁed terramechanics-based models. Two maneuvers are considered:
a driven wheel and a towed wheel, since the normal and shear stress distributions for the
two conditions diﬀer considerably, as described in section 6.2.1.
In the steered wheel test simulations, a route of soil is subjected to a steered rolling
wheel with a constant side-slip angle. This test is conducted in three stages involving
penetration, rolling and steering of the wheel. Similar to the rolling wheel test, the wheel
is initially penetrated 60 mm into soil in 1 s. While the sinkage is held constant, the wheel
is driven to reach 5 km/h speed in 1 s in a ramp manner. In the ﬁnal stage, the rolling
wheel is subjected to steering, after it achieves the steady speed, by increasing the side-slip
angle to a predeﬁned constant value (6◦) in a ramp-step manner in 2 s. For this purpose, a
(5380×1200×600mm) soil domain is deﬁned, which is meshed with (269×60×23 = 371220)
elements in the FE model, and (269× 60× 30 = 484200) particles in the SPH model. The
domain length of 5380 mm is selected so as to provide the required route for a rolling wheel
at a speed of 5 km/h and duration of 3 s. The lateral force and the aligning moment in
response to a constant side-slip angle obtained from the terramechanics-based formulations
are compared with those predicted from the steered wheel-soil simulation models in order
to evaluate the eﬀectiveness of the identiﬁed terramechanics models.
6.4 Results and discussions
The eﬀectiveness of the terramechanics-based models identiﬁed from the virtual soil
test simulation platform is assessed by comparing model responses in terms of the forces/moments
with those predicted from the computational tyre/wheel-soil interactions model. The radial
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and tangential stresses, and the forces/moments developed at tyre/wheel-soil interface are
thus evaluated from both the terramechanics formulations, denoted as theoretical there-
after, and the computational tyre/wheel-soil model, denoted as computational. The evalu-
ations are performed for the stationary, rolling and steered tyre/wheel using the simulation
scenarios described in section 6.3.3.
6.4.1 Stationary tyre/wheel sinkage
The pressure-sinkage model, identiﬁed from the virtual soil test simulations, is used to
determine the radial stress and normal force developed due to penetration of a stationary
tyre. The results are obtained for both a rigid wheel and a compliant tyre considering
two diﬀerent soils (unwashed sand and high density (HD) wet sand). The soil material
model parameters identiﬁed on the basis of laboratory test data for the virtual soil test
platform in Part I are used. The radial stress and normal force responses are also obtained
from the coupled tyre-soil computational model employing both the FE and SPH soil
models. The simulations are initially performed using a rigid wheel model representing
a high inﬂation pressure pneumatic tyre, assuming negligible tyre deﬂection compared to
that of the soft soil. The simulations are then repeated for the pneumatic tyre model with
inﬂation pressure of 483 kPa (70 psi) to investigate the contribution of the tyre deﬂection
in the vertical tyre-soil interactions.
Figures 6.3(a) and 6.3(c) illustrate the deformed shapes as well as the pressure distri-
butions within the two soils when subjected to a 60 mm vertical displacement of the rigid
wheel model. The simulation results are obtained using the FE soil model coupled with
models of the rigid wheel and the pneumatic tyre. The results revealed 60 mm penetration
of the rigid wheel model into both the soils. The contact arc was observed to be symmetric
about wheel center (θ2,1 = ∓28.16◦) with contact arc radius R = 507 mm, identical to the
radius of the wheel. For the pneumatic tyre, however, as exempliﬁed in Figure 6.3(b), the
applied displacement produced only 13.8 mm penetration in the unwashed sand together
with 46.2 mm deﬂection of the tyre, while the steady-state or maximum contact arc was
observed within θ2,1 = ∓8.45◦ with arc radius Rmax = 1270 mm. For the relatively softer












Figure 6.3: Comparisons of deformed shapes and pressure distributions for (a,b) unwashed
sand, and (c,d) high density wet sand under a 60 mm vertical displacement imposed by
(a,c) a rigid wheel, and (b,d) a pneumatic tyre
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respectively. The contact arc occurred within θ2,1 = ∓18.5◦ with Rmax = 659.5 mm, as
seen in Figure 6.3(d). These values, which describe the contact geometry of the rigid wheel
and the pneumatic tyre models when penetrating in the two soils are summarized in Table
6.1. For the pneumatic tyre, the radius of the contact arc is greater than the wheel radius
for both the soils. The radius of the contact arc (R) is directly related to sinkage z during
penetration. Assuming linear variation in R with z, yields following relationship:
R(z) = r +
z
zmax
(Rmax − r) (6.18)
where zmax is the maximum sinkage of the tyre into soil and r is the free tyre radius. The
above equation is applied to determine the distribution of tyre/wheel sinkage into the two
soils using Equation (6.5), and thereby the distribution of the radial stress from Equation
(6.3).
Figure 6.4(a) illustrates the distributions of the tyre/wheel sinkage ζ(θ) into the two
soils obtained from Equation (6.5). The results show that the changes in the penetration
depth z directly aﬀect the size of the contact region. The rigid wheel yields identical
sinkage distributions for both soils, as expected. The compliant tyre, on the other hand,
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Figure 6.4: Distributions of (a) sinkage, and (b) radial stress along the contact region
obtained from the theory for the rigid wheel and the pneumatic tyre on two soils
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reveals signiﬁcantly smaller sinkage and contact length on both soils compared to the rigid
wheel. Furthermore, the maximum sinkage and the contact length are substantially lower
for the relatively stiﬀer unwashed sand compared to the high density wet sand.
Figure 6.4(b) illustrates the distribution of the radial stress σr(θ) obtained from Equa-
tion (6.3) using the pressure-sinkage model parameters kc, kφ and n identiﬁed from the
virtual soil test simulations. The distribution of radial stress along the contact patch is
also signiﬁcantly inﬂuenced by the tyre and soil properties, as seen in Figure 6.4(b). The
peak radial stress σr(θm) obtained from the theory are compared with those observed from
the computational FE model in Table 6.1. The rigid wheel yields signiﬁcantly higher peak
stress for the relatively stiﬀer unwashed sand (1466 kPa) compared to the high density wet
sand (558 kPa), although the contact lengths are identical for both soils. The results for
the rigid wheel with 60 mm sinkage revealed that the theory overestimates the maximum
radial stress by 38.1% for the unwashed sand and by 19% for the HD wet sand compared
to the computational FE model. This suggests that for the HD wet sand, the theory bet-
ter correlates the simulation results within the range of applied sinkage compared to the
unwashed sand. The deviation for the unwashed sand, however, may be attributed to the
fact that the material model used in the computational soil model undergoes failure in
response to such a high penetration (60 mm), which results in developing lower pressure
Table 6.1: Comparisons of contact geometry of the rigid wheel and pneumatic tyre models
penetrating into the two soils together with maximum radial stress obtained from the
theoretical and computational FE models
Rigid wheel Pneumatic tyre
Quantity Unwashed HD wet Unwashed HD wet
Contact angles θ2,1(
◦) ∓28.16 ∓28.16 ∓8.45 ∓18.5
Contact radius Rmax (mm) 507 507 1270 659.5
Tyre sinkage zmax (mm) 60 60 13.8 35.2
Tyre deﬂection (mm) 0 0 46.2 24.8
Theoretical σr(θm) (kPa) 1466 558 670 407
Computational σr(θm) (kPa) 908 452 705 274
Percentage error σr(θm) (%) 38.1 19 -5.2 32.7
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compared to the theory. The radial stress developed by the pneumatic tyre for both the
soils are substantially lower compared to the rigid wheel, which is due to lower sinkage
of the pneumatic tyre into the soils. The results for the pneumatic tyre show that the
deviations between the theoretical and computational results are -5.2% and 32.7% for the
unwashed sand and HD wet sand, respectively. The better correlation of the theory with
simulation for the unwashed sand is attributed to its lower sinkage when subjected to a
penetrating pneumatic tyre compared to the HD wet sand.
Figure 6.5 compares the deformed shapes as well as the pressure distributions obtained
from the FE and SPH models of the two soils under the 60 mm penetration by a rigid wheel.
The results show slightly higher levels of pressure of the FE soil models compared to the
SPH soil models throughout the contact region. Both the FE and SPH soil models, however,
yield similar pressure distribution patterns for both types of the soils. The diﬀerences
between the peak pressure predicted by the FE and SPH soil models is considerably smaller
than that obtained under the plate sinkage test presented in Part I. For example, in the
plate sinkage test for the unwashed sand under 60 mm sinkage, the FE model overestimated
the peak pressure by 31.5% compared to the SPHmodel. In the wheel sinkage test, however,
for the unwashed sand under 60 mm sinkage, the FE and SPH models yield very close
peak pressures, as seen in Figures 6.5(a) and 6.5(b). This is attributed to diﬀerence in the
geometry of the plate and wheel. The soil in the vicinity of the plate edges is more likely
to experience greater shear compared to the wheel, particularly under higher penetration.
The two simulation methods (FE and SPH) thus exhibit relatively smaller diﬀerences when
subject to loading by the wheel/tyre geometry.
Figure 6.6(a) compares the normal contact force Fz estimated from the theory with
those predicted by the computational models employing FE and SPH methods. The vari-
ations in normal force are presented for both soils as a function of the wheel sinkage. The
theoretical value of Fz is obtained from the identiﬁed pressure-sinkage model and Equa-
tion (6.2). Although the theory tends to overestimate the maximum radial stress under a
rigid wheel compared to the simulation results (Table 6.1), relatively better correlations
are observed between the forces obtained from the theory and the computational models.




Figure 6.5: Comparisons of deformed shapes and pressure distributions in the FE and SPH
soil models under 60 mm sinkage of a rigid wheel for (a,b) unwashed sand and (c,d) high
density wet sand
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higher magnitudes of Fz compared to the SPH soil models over the entire range of sinkage
for both the soils. Reasonably good agreements between the forces estimated from the
theoretical and the computational models are evident under lower sinkage. The theoretical
estimations tend to lie between those obtained from the FE and SPH soil models under
higher sinkage.



























Unwashed - Theory FE SPH
Wet Sand - Theory FE SPH

























Unwashed - Theory FE SPH
Wet Sand - Theory FE SPH
(a) (b)
Figure 6.6: Comparisons of normal contact force estimated by the theory (identiﬁed
pressure-sinkage model) for (a) the rigid wheel and (b) the pneumatic tyre as a function
of sinkage with those obtained using the FE and SPH soil models for two soils
Figure 6.6(b) compares the normal forces due to penetration of the pneumatic tyre
into the two soils. Unlike the rigid wheel, the theoretical forces are in good agreement
with those predicted from the computational models employing FE and SPH soil models.
This is due to relatively lower penetration of the pneumatic tyre compared to the rigid
wheel. The results in Figure 6.6 and Table 6.1 suggest reasonably good validation of the
pressure-sinkage terramechanics models of the soils, identiﬁed from the virtual soil tests.
The identiﬁed model can thus be applied to obtain accurate estimations of the radial stress
and normal force developed at the tyre-soil interface in an eﬃcient manner.
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6.4.2 Rolling wheel
The eﬀectiveness of the terramechanics model, describing the shear stress-displacement
characteristics of the soils, is evaluated considering interactions of the rolling wheel (driven
and towed) with the soil. For this purpose, the computational model simulations are per-
formed to obtain tangential stress distribution over the contact region. The contact force
Fx and the moment My are subsequently obtained through integration of the tangential
stress over the contact region. The simulations are performed for the rolling angular speed
of 2.74 rad/s (theoretical forward speed=5 km/h).
Driven wheel
The contact force Fx and the moment My are estimated from the theoretical formu-
lations in Equations (6.6) and (6.8) to evaluate the terramechanics model identiﬁed from
the virtual soil test simulations. For the driven wheel, the sinkage distribution and the
coordinates of the maximum radial stress (θm) are initially determined using Equation
(6.10). The constants c1 and c2 are chosen from the reported values for comparable soils
[19, 21]. The coeﬃcient c1 is selected as 0.38 and 0.43 for the unwashed sand and the high
density wet sand, respectively, while c2 is chosen as 0.32 for both the soils. Figures 6.7(a)
and 6.7(b) present the deformed shapes as well as the radial stress distributions in the FE
and SPH models of the high density wet sand coupled with the rigid wheel driven at 2.74
rad/s after 60 mm penetration. The results show nearly negligible rut recovery suggesting
sinkage ratio η = 0. Considering the sinkage of 60 mm, the angles θ1 and θ2, deﬁning the
contact length, are obtained as 28.16◦ and 0◦, respectively, using Equation (6.1). The sim-
ulation results also revealed longitudinal speed of the wheel as 1.11 m/s, and thereby the
slip ratio of 20%. For the 20% slip ratio, the location of θm for the high density wet sand is
subsequently obtained as 13.91◦ from Equation (6.10), which is indicated by dashed lines in
Figures 6.7(a) and 6.7(b) for the FE and SPH soil models, respectively. These also coincide
with the position of maximum radial stress predicted by the FE and SPH soil models, as
seen in Figures 6.7(a) and 6.7(b). This veriﬁes the appropriateness of the coeﬃcients c1








Figure 6.7: Comparisons of (a,b) pressure distributions and (c,d) shear stress distributions
predicted from FE and SPH models of the high density wet sand under a driven wheel
For evaluations of the driving force Fx and the driving moment My, the radial and
tangential stresses are initially characterized, which necessitate the local sinkage and shear
displacement properties. The distributions of the sinkage and the radial stress are evaluated
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considering three diﬀerent slip ratios (0, 20 and 40%) to study the eﬀect of slip ratio on
the resulting Fx and My. Figures 6.8(a) and 6.8(b) illustrate the local sinkage ζ(θ) and
radial stress σr(θ) distributions, respectively, under the 60 mm penetration for diﬀerent
slip ratios. The results are obtained using the identiﬁed parameters for the two selected
soils. The results show that the location of θm shifts forward with increasing slip ratio for
both the soils. The maximum radial stress corresponding to 20% slip is estimated as 470
kPa from the theory for the high density wet sand, as shown in Figure 6.8(b). Compared
to the theoretical peak radial stress, the FE soil model revealed higher value of peak stress
(529 kPa), while the SPH soil model exhibited lower value (380 kPa), as seen in Figures
6.7(a) and 6.7(b), respectively.
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Unwashed 0 20 40% Slip
Wet Sand 0 20 40% Slip
(a) (b)
Figure 6.8: Theoretical (a) sinkage and (b) radial stress distributions along the contact
region for a rigid wheel driven at varying slip ratios under 60 mm sinkage on two soils
Figures 6.7(c) and 6.7(d) illustrate the shear stress distributions obtained from the FE
and SPH models for the high density wet sand. The stress contours exhibit two distinct
zones of shear stress with opposite signs, suggesting the existence of a transition point in the
contact region, where the shear stress changes its direction. The shear stress distributions
also show that the rear zone with negative shear stress primarily contributes the contact
patch. While the soil slides backward towards the rear zone due to negative shear stress,
it tends to slide upward along the wheel within the smaller front zone with positive shear
stress. In the SPH soil model, the front zone is even smaller than that in the FE model since
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the particles possess greater degree of ﬂexibility for sliding along the wheel. Experimental
studies [19, 20] have also shown that the front zone beneath a driven wheel is very small
compared with the rear zone, particularly at higher slip ratios. As a result, this zone has
been considered negligible in the theory for the driven wheel [19].
Figures 6.9(a) and 6.9(b) illustrate the distributions of the shear displacement jx(θ)
and the shear stress τx(θ) along the contact region for both the soils at varying slips, which
are obtained from Equations (6.11) and (6.9), respectively. The shear displacement and
stress are in the rearward direction, while the peak shear displacement occurs at the rear
end of the contact region (θ2 = 0). The theoretical formulation considers only the rear
zone of tangential stress assuming rearward shear direction and maximum shear stress
occurring at θm, as in the case of radial stress [19]. This is evident from Equation (6.9),
which suggest direct eﬀect of radial stress on the soil strength and thus the resulting shear
stress. The peak shear stress for the high density wet sand at 20% slip is estimated as 314
kPa (rearward), which is considerably higher compared to the corresponding estimates of
-196 and -105 kPa from the FE and SPH model simulations. Such overestimation of the
shear stress is likely caused by neglecting the front zone of shear stress in the theory for
the driven wheel.
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Unwashed 0 20 40% Slip
Wet Sand 0 20 40% Slip
(a) (b)
Figure 6.9: Theoretical (a) shear displacement and (b) shear stress distributions along
the contact region for a rigid wheel driven at varying slip ratios under 60 mm sinkage on
diﬀerent soils
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Figures 6.10(a) and 6.10(b) illustrate the driving force Fx and the resulting moment
My developed for the selected soils at diﬀerent slip ratios. According to Equation (6.6),
the contact force Fx consists of two distinct terms: a positive thrust (Fτ ) resulting from
τx, and a negative motion resistance (Fσ) associated with σr. Figure 6.10(a) shows the
variations in total Fx together with the thrust and resistant components as a function of
the slip ratio. The thrust force approaches the peak at a very low slip and then declines
with further increase in the slip. The variations in the resistant force are considerably small
compared to the thrust force over the entire range of slip. This suggests that the resistant
force Fσ is nearly independent of the slip. As a result, both the driving force and moment
exhibit trends similar to the thrust force Fτ with varying slip. The observed trends in
the total driving force, the thrust and resistant components, and the driving moment are
comparable with those reported from experiments for a driven wheel on diﬀerent sands
[19, 149].
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(a) (b)
Figure 6.10: Theoretical (a) driving force together with its shearing and radial stress terms
(Fτ and Fσ) and (b) driving moment as functions of slip for a rigid wheel driven at 60 mm
sinkage on diﬀerent soils
Figures 6.11(a) and 6.11(b) illustrate the time histories of the contact force Fx and the
resulting momentMy predicted from the FE and SPH models for the high density wet sand
when subjected to a driven wheel at 2.74 rad/s angular speed and 60 mm penetration. The
angular speed, applied in a ramp manner, resulted in the steady longitudinal speed of 1.11
m/s, and a slip ratio of 20%. The peak driving force from the FE and SPH soil models are
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obtained as 6.75 and 5.77 kN, respectively. These are comparable with 6.1375 kN estimated
from the theory based on the identiﬁed terramechanics models. Furthermore, the peak
moments of 6.14 and 4.8 kNm obtained from the FE and SPH soil models, respectively,
are also comparable with that estimated from the theory (5.344 kNm). Similar degree of
agreement was also observed for the unwashed sand. The observed reasonable correlations
between the simulation results and the theoretical estimations suggest that the identiﬁed
terramechanics models can eﬀectively predict traction forces and moments developed by
a driven wheel on soft soils. As expected, the FE method overestimated and the SPH
method underestimated the theory.













































Figure 6.11: Time histories of (a) contact force Fx and (b) contact moment My developed
by a driven wheel at 2.74 rad/s speed under 60 mm sinkage on the FE and SPH models of
the high density wet sand
Towed wheel
Unlike the driven wheel, the front contact zone of shear stress due to a towed wheel
is considerably large and cannot be neglected. The front contact zone is determined from
the location of the transition point, θ◦, which is estimated from Equation (6.12) for a
given skid. For the purpose of veriﬁcation of the terramechanics-based model, the skid
i is estimated from the computational model employing FE and SPH soil models. The
simulations of the towed wheel at a forward speed of 5 km/h revealed angular speed of












Figure 6.12: Comparisons of (a,b) pressure distributions and (c,d) shear stress distributions
predicted using FE and SPH soil models representing high density wet sand under a towed
rigid wheel
point, θ◦, was subsequently determined as 13.49◦ for the high density wet sand. Figure 6.12
illustrates the deformed shapes as well as the radial and tangential stress distributions in
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the FE and SPH soil models for the high density wet sand under the towed wheel. Figures
6.12(c) and 6.12(d) also show the estimated position of θ◦ by dashed lines together with
the shear stress contours predicted from the FE and SPH soil models. It is evident that
this estimated location coincides well with the transition point in the shear stress, and with
the maximum radial stress, as seen in Figures 6.12(a) and 6.12(b). The transition point
location is also dependent on the skid ratio, as seen in Equation (6.12). The simulation
results thus conﬁrm the validity of the location of the maximum radial stress predicted
from the theory based on the identiﬁed terramechanics model.
Figures 6.13(a) and 6.13(b) illustrate the local sinkage ζ(θ) and the radial stress
distribution σr(θ) considering diﬀerent wheel skid ratios (10, 15 and 20%) based on the
identiﬁed parameters of the terramechanics models for the two soils. The sinkage and
radial stress distributions are obtained from Equations (6.5) and (6.3), while considering
θ◦ = θm. The results show strong dependence of sinkage and radial stress characteristics on
the skid ratio. The peak radial stress and sinkage tend to shift forward with increasing skid.
Furthermore, the peak sinkage and stress decrease with increasing skid. The maximum
radial stress corresponding to 15% skid is estimated at 477 kPa for the high density wet
sand (Figure 6.13(b)), which was comparable with those obtained from the computational
models employing FE and SPH soil models at nearly 500 kPa.
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Unwashed 10 15 20% Skid
Wet Sand 10 15 20% Skid
(a) (b)
Figure 6.13: Theoretical (a) sinkage and (b) radial stress distributions along the contact
region for a rigid wheel towed at varying skid ratios under 60 mm sinkage on diﬀerent soils
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Figures 6.14(a) and 6.14(b) illustrate distributions of the shear displacement jx(θ) and
the shear stress τx(θ) over the contact region for the two soils at three diﬀerent skid ratios (5,
10 and 15% ). The shear stress distributions for the unwashed sand, however, are presented
for relatively low skid ratios of 3, 4 and 5%, since this soil revealed extremely high shear
stresses for skid ratio exceeding 5%. The shear displacement and stress distributions are
obtained from Equations (6.13) and (6.9), respectively. The results show nearly identical
shear displacement distributions for both soils over the range of skid ratios considered. The
results also show maximum shear displacement at the extreme of the rear contact region
(θ2 = 0) for both the soils, while it occurs in the rearward (negative) direction. The shear
displacement approaches zero at the transition points θ◦, which occurred near 5.1, 9.4 and
13.5◦ for 5, 10 and 15% skid, respectively. The displacement in the front contact region is
also observed as zero at the extreme (θ1) apart from the transition point (θ◦), irrespective
of the skid ratio. The distributions in the front region, however, show a slight peak in
the displacement between θ◦ and θ1. The shear stress distributions in Figure 6.14(b) show
two distinct zones of tangential stress around the transition point (point of zero shear
stress) with rearward (negative) direction in the rear and forward (positive) direction in
the front. The results clearly show the eﬀect of skid on the transition point and thus the
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Unwashed 3 4 5% Skid
Wet Sand 5 10 15% Skid
(a) (b)
Figure 6.14: Theoretical (a) shear displacement and (b) shear stress distributions along
the contact region for a rigid wheel towed at varying skid ratios under 60 mm sinkage on
diﬀerent soils
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shear displacement and stress distributions. An increase in the skid causes the transition
point to shift forward, while enhancing the size of the rear contact zone. This results in a
rapid increase in the peak shear stress in the rear zone, and only a slight decrease in that
in the front zone, as seen in Figure 6.14(b).
Figure 6.15(a) illustrates the towing (net contact) force Fx together with the thrust and
resistant components (Fτ and Fσ) as a function of the skid ratio, obtained from Equation
(6.6) for the two soils. The results are obtained in the 0  15% skid range for the high
density wet sand, and in the 0  9% skid range for the unwashed sand. The results show that
the thrust force Fτ is positive (forward) at lower skids and it decreases with the increase in
skid, and approaches negative (rearward direction) under higher skid ratio. The resistant
component Fσ, however, remains negative (rearward) in the entire skid range. The net
contact force is negative at higher skid ratios for both the soils, which helps rotation of
the wheel, while resisting against its longitudinal motion. The resulting contact moment,
obtained from Equation (6.8), is positive (against the rotation direction) at low skids and
approaches negative with increase in skid, as seen in Figure 6.15(b). The observed trends
in the net contact force and its components, and the towing moment are comparable with
the reported experimental results for a towed wheel on diﬀerent sands [20, 149].
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(a) (b)
Figure 6.15: Theoretical (a) towing force together with its shearing and radial stress terms
(Fτ and Fσ) and (b) towing moment as functions of skid for a rigid wheel towed at 60 mm
sinkage on diﬀerent soils
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Figures 6.16(a) and 6.16(b) illustrate time histories of the contact force Fx and the
resulting moment My predicted from the FE and SPH models for the high density wet
sand coupled with a towed wheel at 5 km/h speed (1.389 m/s) and 60 mm penetration.
The forward speed, applied in a ramp manner, resulted in a steady angular speed of 2.33
rad/s and a skid ratio of 15%. The computational models employing the FE and SPH
soil models for the high density wet sand revealed peak towing forces of -9.56 and -8.24
kN, respectively, as seen in Figure 6.16(a). These are comparable with the towing force
corresponding to 15% skid (-8.77 kN) estimated from the theory (Figure 6.15(a)) using the
identiﬁed terramechanics model for the high density wet sand. The computational models
also resulted in peak moments of -2.62 and -2.27 kNm for the FE and SPH soil models,
respectively, which are also comparable with that estimated from the theory (-2.363 kNm).
The observed reasonable correlations between the simulation and theoretical results suggest
that the identiﬁed terramechanics model can eﬀectively predict towing forces and moments
developed by a towed wheel on a soft soil. The similar degree of correlation in the contact
force and moment were also observed for the unwashed sand. Similar to the driven wheel,
the FE soil model overestimated and the SPH model underestimated the theoretical forces
and moments for the towed wheel.
















































Figure 6.16: Time histories of (a) contact force Fx and (b) contact moment My developed
by a towed wheel at 5 km/h speed under 60 mm sinkage on the FE and SPH models of
the high density wet sand
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6.4.3 Steered wheel
The eﬀectiveness of the identiﬁed terramechanics models for predicting lateral force
Fy and aligning moment Mz of a steered wheel is further evaluated through comparisons
with those obtained from the computational model. The lateral force and the aligning
moment developed by a steered wheel are obtained from the lateral shear displacement
and shear stress distributions. Figures 6.17(a) and 6.17(b) illustrate lateral displacement
jy(θ) and the lateral shear stress τy(θ) developed at the interface of the steered wheel and
the soil corresponding to a 6◦ side-slip angle and three diﬀerent slip ratios (0, 20 and 40%).
These are obtained from Equations (6.17) and (6.16), respectively. Similar to the rolling
wheel, the rut recovery is assumed negligible (η = 0), which resulted in similar contact
angles (θ1 = 28.16◦ and θ2 = 0◦) from Equation (6.1), considering 60 mm sinkage. The
peak lateral displacement occurs at the extreme of the rear contact region (θ2 = 0) and
decreases with increase in the slip ratio, as seen in Figure 6.17(a) for both the soils. The
lateral displacement decreases along the contact region in a linear manner and approaches
zero at the front end of the contact region (θ1). The lateral shear stress responses exhibit
peak near θm, as it was observed for the peak radial stress (Figure 6.17(b)).
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Wet Sand 0 20 40% Slip
(a) (b)
Figure 6.17: Theoretical (a) lateral displacement and (b) lateral shear stress distributions
along the contact region for a rigid wheel steered at 6◦ side-slip angle and varying longitu-
dinal slip ratios under 60 mm sinkage on diﬀerent soils
Figures 6.18(a) and 6.18(b) illustrate variations in the lateral contact force Fy and
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aligning moment Mz as a function of the side-slip angle α. The results are obtained using
Equations (6.14) and (6.15) based on the identiﬁed terramechanics model parameters for
the two soils. Both the Fy and Mz increase with the increase of the side-slip angle and
approach saturation at higher side-slip angles. Both the Fy and Mz decrease with increase
in the slip ratio.
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(a) (b)
Figure 6.18: Theoretical (a) lateral force and (b) aligning moment as functions of side-slip
angle for a rigid wheel at varying longitudinal slip ratios under 60 mm sinkage on diﬀerent
soils
Figures 6.19(a) and 6.19(b) illustrate time histories of the lateral contact force Fy and
the aligning moment Mz obtained from computational models employing the FE and SPH
models for the high density wet sand, when subjected to 6◦ side-slip angle by a driven
wheel with 2.74 rad/s angular speed and 20% slip ratio. The FE and SPH models for the
high density wet sand revealed peak lateral forces of 7.8 and 5.9 kN, respectively, corre-
sponding to 20% slip ratio and 6◦ side-slip angle (Figure 6.19(a)). These are comparable
with 6.84 kN estimated from the identiﬁed terramechanics model (Figure 6.18(a)). More-
over, the peak moments of 0.85 and 0.6 kNm, obtained from the FE and SPH soil models,
respectively (Figure 6.19(b)), are also comparable with that estimated from the identiﬁed
terramechanics model (0.707 kNm), as illustrated in Figure 6.18(b). Similar degree of
agreement was also observed for the unwashed sand. Relatively good agreements between
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the computational model and theoretical results for the lateral contact force and the align-
ing moment suggest that the identiﬁed terramechanics formulations can eﬀectively predict
the lateral forces and moments developed by a steered wheel rolling on a soft soil. Similar
to the rolling wheel, the theoretical estimations for the steered wheel lie in between those
obtained from the FE and SPH models.















































Figure 6.19: Time histories of (a) contact force Fy and (b) contact moment Mz developed
by a steered wheel at 5 km/h speed and 6◦ side-slip angle under 60 mm sinkage on the FE
and SPH models of the high density wet sand
6.4.4 Processing times of simulations
The average processing times required for the FE and SPH soil models in diﬀerent
simulations together with the size of the soil domain and the number of elements in the
FE model as well as the number of particles in the SPH model are summarized in Table
6.2. A 3.2 GHz Intel Xenon processor with 8 cores and 14 GB memory was used for the
simulations. As mentioned in Part I, for the plate-sinkage simulations, the SPH method
takes nearly 4.4 times longer than the FE method. In the test simulations involving a rigid
wheel interactions with the soil, whether stationary, rolling or steered, the computing time
for the SPH soil model, on the average, was near 5.7 times than that for the FE soil model.
For a compliant tyre model, however, the computing times for the FE and SPH models
were in excess of 29.5 and 226 hours, respectively. These are nearly 42 and 55 times of
those required for the rigid wheel, being 0.7 and 4.1 hours. The ratio of the SPH to FE
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processing time for the compliant tyre is thus 7.66. Chae et al. [12, 12] also conducted
tyre-soil interaction simulations using a rigid wheel model, and reported that the CPU time
required for a SPH soil model is about 4 to 7 times than that required for a similar FE
soil model. The excessive computing times for the compliant tyre-soil simulations may be
prohibitive, particularly for the rolling tyre tests, where lengthy routes of soil are required.
Table 6.2: Comparisons of processing times of the FE and SPH soil models together with
soil domain size and number of elements/particles
Simulation Simulation CPU time (h) Soil domain Soil elements/particles
type time (s) FE SPH size (mm) FE SPH
Wheel sinkage 6 0.7 4.1 600× 600× 600 20700 27000
Tyre sinkage 6 29.5 226 600× 600× 600 20700 27000
Driven wheel 3 2.15 12.22 3980× 600× 600 137310 179100
Towed wheel 3 2.07 11.7 3980× 600× 600 137310 179100
Steered wheel 4 7.79 43.78 5380× 1200× 600 371220 484200
6.5 Conclusions
A tyre/wheel-soil interaction simulation tool is developed by integrating a computa-
tionally eﬃcient FE model of the tyre to the virtual soil test simulation models, reported in
Part I of the study. The simulation tool is used to examine validity of the terramechanics-
based models identiﬁed for diﬀerent soils. It is shown that the identiﬁed terramechanics
models can yield reasonably good predictions of normal and shear stress distributions and
forces/moments developed at the interface of the stationary, rolling and steered tyre/wheel
and the soil. The simulation results obtained from the stationary tyre penetrating into
soils of diﬀerent strengths demonstrated strong inﬂuences of the tyre and soil compliance
on the tyre deﬂection and its sinkage, the radius and size of the contact arc, and the
pressure distribution beneath the tyre/wheel. The pressure distributions and the normal
force predicted from the terramechanics models revealed reasonably good agreements with
those obtained from the simulations. The FE soil model revealed relatively higher contact
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pressure compared to the SPH soil model although the deviation was smaller than that ob-
served in the plate-sinkage tests. This suggested that the FE soil mesh can more eﬀectively
represent the soil deformation when penetrated by a tyre with arched geometry than by a
ﬂat plate with sharp edges. The FE soil model overestimates the radial stress and normal
force compared to the SPH soil model, especially when a rigid wheel is considered. Rela-
tively smaller diﬀerences between the predictions of the FE and SPH soil models, however,
were observed for the low-pressure pneumatic tyre. The terramechanics models could also
yield reasonably good predictions of the slip-dependent location of the maximum radial
stress beneath a driven wheel, and the transition point in the shear stress under a towed
wheel. The stress distributions obtained from the simulation models clearly illustrated two
zones of shear stress beneath a rolling wheel, while the length of the front contact zone
was negligible for the driven wheel but signiﬁcant for the towed wheel. The radial and
shear stresses, and the contact forces/moments obtained from the identiﬁed terramechan-
ics models for rolling (driven/towed) and steered wheels were found to be comparable with
those obtained from the FE and SPH soil models. The FE soil model, however, resulted
in relatively higher magnitudes of forces/moments compared to the SPH soil model and
those predicted from the terramechanics-based model. The processing times for the SPH
soil model, however, were nearly 5.7 to 7.66 times longer than those of the FE soil model




7.1 Highlights and contributions
This dissertation research presented a virtual testing environment for rolling tyre in-
teractions with rigid and soft terrains. Review of the literature was initially conducted
to demonstrate the importance of estimating the forces and moments arising from the
tyre-terrain interactions, and the limitations associated with the previously reported mod-
els and analysis methods. Comprehensive modeling and programming eﬀorts have been
carried out to design and implement a computational testing platform to describe the
structural details of a pneumatic tyre as well as material constitutive behavior of soil in
order to provide reliable predictions of dynamic responses of a pneumatic tyre when rolling
on rigid as well as deformable terrains. A computationally eﬃcient pre-processing algo-
rithm has been developed to automate the tyre-soil model regenerations so as to facilitate
repeated simulations for parametric studies. The developed platform in conjunction with
the automatic model regeneration algorithm can be utilized as a virtual test tool for sen-
sitivity analyses of design and operating tyre parameters as well as parametrization and
evaluation of the terramechanics-based tyre-soil contact models. The following summarizes
the highlights and contributions of the dissertation research:
1. Development and validation of a 3-D ﬁnite element model of a rolling radial-ply truck
tyre to predict its dynamic responses at high speeds, and investigating the eﬀects of
various operating parameters on the tyre vertical and cornering characteristics;
203
2. Development of a pre-processing algorithm for automated model reformulations for
eﬃcient parametric sensitivity analyses;
3. Modal analysis of a rolling truck tyre as a pre-stressed structure under inﬂation and
vertical loadings, and investigate inﬂuences of internal pressure, normal load and
rolling speed on the tyre natural frequencies and mode shapes;
4. Development and veriﬁcation of a computationally eﬃcient rolling truck tyre model
considering simpliﬁcation of the multiple layers of rubber matrix and reinforce-
ments into a single layer of shell elements with layered conﬁguration using the Part-
Composite approach in LS-DYNA;
5. Development of a computational soil model using Finite Element and Smoothed
Particle Hydrodynamics methods in conjunction with a pressure-dependent strength
material model calibrated on the basis of laboratory test data, and investigation of
relative merits and limitations of the two methods;
6. Parametrization of terramechanics-based tyre-soil interaction formulations for esti-
mating the normal and shearing characteristics of soil through pressure-sinkage and
shear-box test simulations using the proposed SPH soil model;
7. Development of the rolling tyre-soil interaction model via integrating the proposed
FE and SPH soil models to the simpliﬁed rolling truck tyre model;
8. Evaluation of the terramechanics-based tyre-soil interaction models through compar-
isons of the theoretical and simulation results in terms of the normal/shear stresses
as well as the contact forces/moments for the stationary, driven, towed and steered
tyre/wheel models;
7.2 Major conclusions
The major conclusions drawn from the study are summarized below:
1. The use of thick-shell element formulations for the poor-aspect-ratio solid elements of
the rubber matrix in the carcass and belt plies could ensure stable model responses
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at high speeds up to 100 km/h. The model, however, revealed unstable behavior
at speeds above 100 km/h, which was evident from extremely large deformations of
solid elements of the carcass.
2. The response characteristics of the proposed rolling truck tyre model showed rea-
sonably good agreements with the reported measured tyre properties in terms of
load-deﬂection, contact patch size, cornering force and free vertical vibration charac-
teristics for a wide range of operating parameters. The self-aligning moment responses
of the model, however, could be considered valid only in the range of side-slip angles
less than 4◦, although the simulation results at higher side-slip angles showed similar
trends as the measured data.
3. The simulation results suggested that the vertical tyre stiﬀness increases with increase
in inﬂation pressure and normal load, but rapidly decreases when the tyre starts to
roll. The rolling dynamic stiﬀness of the tyre is nearly 5% lower than its static
stiﬀness. The results also showed nonlinear and coupled eﬀects of normal load and
inﬂation pressure on cornering properties.
4. The modal properties of a pneumatic tyre subjected to inﬂation pressure, normal
load and rolling speed can be evaluated by incorporating the resulting stresses in
the eigenvalue analyses conducted in a sequential manner during an explicit dynamic
simulation at instants when the tyre approaches steady responses under the given
loading condition.
5. Some of the eigen-frequencies of the free tyre diverge into two distinct frequencies in
the presence of tyre deﬂection and ground contact. One of the frequencies lies below
the corresponding frequency of the free tyre under inﬂation alone, while the other
occurs above that.
6. The rotational motion of the tyre results in a most dramatic reduction in the tyre
stiﬀness and hence the natural frequencies compared to the stationary tyre, while
increasing the rolling speed causes further reductions in the natural frequencies.
7. The Part-Composite approach could substantially reduce the computational demand
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by simplifying the multi-layered tyre structure to a single layer of multi-layered ele-
ment conﬁguration. The simpliﬁed model provided results that were in good agree-
ment with those of the comprehensive model, with substantial reduction in computing
time by 79.14% for a load-deﬂection simulation, and 83.3% for a cornering test.
8. The shear-box test results suggest that the chosen soil material model could eﬀectively
represent the increase in the shear strength of soil with the increase of its conﬁning
pressure for four types of sandy soils with diﬀerent moisture contents.
9. The SPH soil model could more realistically represent the penetration of the plate
into the soil compared to the FE soil model. This was attributed to the sponge-like
behavior of the FE model, which prevented the soil elements to envelop the plate
as it penetrated. Moreover, the FE model resulted in relatively higher contact force
than the SPH model, which originates from an undesirable tensile force produced by
the stretched soil elements near the edges of the plate. The SPH model, however,
poses relatively greater computational demands. For instance, the simulation time
for plate-sinkage test with the SPH soil model was 4.4 times that with the FE model.
10. The SPH soil model also showed more eﬀective simulation of the shear-box test,
where the body of soil tends to disintegrate in response to large shear deformations.
11. The penetrations of the pneumatic tyre into soil is strongly dependent on the tyre
compliance and the tyre deﬂection. It was further illustrated that the theoretical
estimations for the normal contact force lie between those predicted from the FE
and SPH soil models. The FE model tends to overestimate the tyre-terrain interface
force compared to the SPH model. The diﬀerence between the two models, however,
diminish for low inﬂation pressure.
12. The simulation results clearly illustrated two zones of the shear stress beneath the
rolling wheel. The two zones were suﬃciently large for the towed wheel to be consid-
ered in the theory. The leading zone for the driven wheel, however, was very small
and could thus be neglected.
13. The radial and shear stresses as well as the contact forces and moments obtained
from the FE and SPH simulations for the rolling wheel were in reasonably good
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agreements with those predicted from the terramechanics soil model for both the
driving and towing maneuvers. The simulation results showed good agreements with
the reported measured data for somewhat diﬀerent soils in a qualitative sense.
7.3 Recommendations for future studies
The computational testing platform presented in this study can be employed as a
virtual laboratory test tool for simulating diﬀerent maneuvers involving tyre-terrain in-
teractions to investigate the deformations, stresses and contact force/moment responses.
The proposed platform has been implemented in an automated and parametric manner,
which highly facilitates repeated simulations by adjusting the loading and boundary con-
ditions, material types and properties, mesh size, tyre cross-section and geometric details,
soil domain size, element types and contact algorithms. This algorithm could be further
extended to reduce the user's eﬀorts when model reformulations are required for paramet-
ric and design sensitivity analyses. Furthermore, more eﬀorts are desirable for developing
more reliable and eﬃcient tyre-soil interaction models. Some of the possible directions for
future studies are:
1. It is suggested that the proposed truck tyre model together with the automated model
regeneration algorithm is utilized for conducting sensitivity analyses on geometric,
structural and material properties of the tyre constituents so as to seek optimal tyre
design.
2. The proposed simulation platform is recommended to be exploited as a virtual tool
for parameter identiﬁcations of the physics-based and phenomenological tyre models
as an alternative to the costly hardware experiments.
3. It was demonstrated in the study that under unconﬁned conditions such as the
pressure-sinkage test, the chosen material model, Soil and Foam in LS-DYNA, is
unable to represent absolutely non-cohesive soils like dry sand. It is thus recom-
mended to explore the applicability of other soil constitutive models such as Pseudo
Tensor (type 16), Geologic Cap (type 25), Concrete Damage (type 72), Hysteretic
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Soil (type 79), FWHA (type 147), Mohr-Coulomb (type 173) and Drucker-Prager
(type 193) from the material library of LS-DYNA.
4. The default particle approximation theory together with the cubic B-spline smoothing
function in LS-DYNA were used in the present study. It is recommended to explore
alternate SPH formulations and kernel functions, and to conduct sensitivity studies
on the SPH-related simulation parameters such as the smoothing length scale factors
and the artiﬁcial viscous pressure term coeﬃcients.
5. It was shown that the FE soil model is quicker in view of processing time, while the
SPH soil model more realistically represents large deformations and disintegrations of
soil materials. In order to improve computational eﬃciency, it is suggested to combine
the two analysis methods using the SPH particles only for the regions subjected to
large deformations and meshing the remaining domain with FE elements. It is further
suggested to explore diﬀerent contact methodologies for smoothly connecting the SPH
particles to the FE elements so as to simulate a coherent soil domain with minimal
eﬀect of discontinuity.
6. Comparing the merits and limitations of the FE and SPH soil models revealed that
the mesh-less nature of the SPH method can more accurately represent penetration
of an object into soil. It is recommended to apply and compare other mesh-less
analysis methods such as the Discrete Element (DE), Element Free Galerkin (EFG),
and Arbitrary Lagrangian Eulerian (ALE) methods.
7. In the present study, the terramechanics-related soil parameters were identiﬁed and
evaluated for a few types of soils, it is suggested to employ the proposed virtual
testing platform for parameter identiﬁcations of the other types of soils for which the
input parameters to the Soil and Foam material model are available.
8. Due to excessive computational demands, the pneumatic tyre compliance was only
considered in the stationary tyre simulations on soft soil, while a rigid wheel model
was used for the rolling tyre simulations. It is thus suggested to utilize the High
Performance Computing (HPC) systems so as to be able to apply the pneumatic
tyre model in the rolling tyre simulations on soft soil.
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